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N. K. SAHA AND A. SETH 


Intro duction : 

In [1] Sen and Saha defined a semigroup, regular [—semigroup and studied some 
properties of regular [—semigroup The aim of this paper is to introduce inverse J'—semi- 
group. Along this way, we deduce necessary and sufficient condition for a I—semigroup to 
be inverse l'-semigroup. We show that homomorphic image of an inverse J'—semigroup 


an inverse l'—semigroup. 


1. Preliminaries. 


Definition : 


“+ Let M —(2,b,c...)and"—(X yz... ) be two non empty sets. M is called 
а Г —semigroup if (i) axb e M and (ii) (axb) ус = ax (Бус) foralla, b, c є M and for all 
x,ye Г. А Г —semigroup M will be denoted by M(I). Since the associativity of the 
expression (axb) yc = ax (byc) extends to all expressions of any length, henceforth we omit 


the bracket in the deduction of proofs of various statements. 


Definition : 


Let M be a I'— semigroup. A non-empty subset B of M is said to be a Г — sub 
semigroup of M if B I B c B. 


Definition : 


A right (left) ideal of a Г — semigroup M is а non-empty subset I of M such that 
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ІГМ СІ(МГІСІ). Iflis both a right ideal and left ideal of M then we say that I is 


an ideal of M. 
Nd 


Definition : 
Let M bea Г — semigroup. Ап elementa e M is said to Бе regular ifa cea PM Га 
where aMI'a = { axbya: b eM and x, ує Г}. А Г — semigroup M is said to be regular 


if every element of M is regular. 


Definition : 
Let M bea Г —semigroup. Anelemente є M is said to be an idempotent in M if 


there exists an х є Г such that exe = е. In this case we say e is an x-idempotent. 


Definition : 

Let M be a Г — semigroup and M, be a I'—semigroup. A pair of mappings f,: 
MM, and f, : Г-—> Гу is said to be a homomorphism from (M, P) to(M,, Г,) if (axb) f, = 
(af,) (xf;) (bf,) for all a, be M and x e I' If f, and f, are both surjective then (f,, f,) is said 
to be a homomorphism from (M, Г) onto (M,, Г,). 


Definition : 


Let M bea Г —semigroup. Leta, beM and xe Г Ifaxb = bxa we say that a, Б 


are x—commutative. А Г —semigroup M is said to be commutative if axb = bxa for all 
a, b e M and for all x e Г. 


Definition : 
Let M be a Г —semigroup and a є M. Let be M and x, y eI. bis said-to be an (х,у) 


inverse of a if a = axbya and b = byaxb. Іп this case we shall write b = vi (a) We may 


é -1 
also write b = ax y. 


Ifbe vy (a) then a and b are necessarily regular elements of M. On the other hand 
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let а == ахсуа where ce M and x, y e Г bea regular element of M. Let b = суахс. Then 
axbya = а and byaxb = b. Thus ifa = axcya be a regular element of M then b is an X, y) 


inverse of a where b — cyaxc. 
2. Inverse Г — semigroup 
Definition : 


A regular Г — semigroup M is called an inverse Г — semigroup if | YT (а) | = 1, for all 


а є M and for all x, y є Г whenever V 2 (а) # ¢. That is every element a of M has a unique 


(x, y) inverse whenever (x, y) inverse of a exists. 


Theorem (2, 1) : 


Let M be a F—semigroup. М is ап inverse Г —semigroup if and only if (1) M is 


regular and (ii) if e and f be any two x-idempotents of M then exf —fxe, where x є Г. 


Proof. Suppose M is an inverse Г —semigroup. Then by definition M is regular. Next let 
and f be two x-idempotents of M. Let a є v yexf), Then exfyazexf = exf... (1) and 


azexfya =a.. (2) Now fyazexfyaze = fyaze by (2). Therefore fyaze is an x-idempotent . . . 


(3. Also exfxfyazexexf -- exf by (1) and fyazexexfxfyaze = fyaze by (3). Hence exf є 
V x (fyaze . But fyaze being x-idempotent belongs to ух (fyaze). Therefore exf = fyaze 
since M is an inverse Г — Ешй, Hence exf is an x-idempotent. Also, fxe is an 
x-idempotent of M. Indeed, if b « M (fxe), then fxeubvfxe = fxe and bvfxeub = b. Then 

eubvfxeubvf=eubvf Thus eubvf is an x —idempotent. Also, fxexeubvfxfxe = fxe and eubvfx- 
fxexeubvf = eubvf Hence fxe є ух (eubvf). But eubvf being x-idempotent belongs to v 

(eubvf). Hence fxe — eubvf Thus fxe is an x-idempotent of M. Now exfxfxexexf = exfxexf 
= exfand fxexexfxfxe = fxexfxe = fxe. So, fxe є v (exf). But exf e vi (exf). Therefore, 


exf — fxe. 
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Conversely let (i) and (ii) hold. We shall prove that M is an inverse I— semigroup. 
Let b, ce vy (a) where a e M. Then axbya = a and byaxb = Ь... (4). axcya = a and cyaxc 


= с... (5). Now each of axb and axc is y-idempotent of M and each of bya and cya is x- 
idempotent of M. Also axbyaxc = axcyaxb using (ii). Therefore axc = axb. Similarly 
byaxcya = cyaxbya. Therefore bya = cya. Then b = by (axb) = by (axc) = (bya) xc = 
(cya)xc—c. Thus M is an inverse  — semigroup. This completes the proof. 


We remember the following definitions : 


Definition : Let A and B be two sets. Then any subset of A x B is called a binary relation 
from À to B. 


Definition : A binary relation f from A to B is said to be an one-one partial transformation 


from A into B if the following conditions hold 
(1) (х,у) є f, Quy) ef implies that y = у 


GD (х,у) ef, (x y)efimplies that x = x’ 
The set of all one-one partial transformations from A into B will be denoted by J ( A, B ). 


Lemma (2.2) : J (А,В) is a I-semigroup, where Г = J (B,A). 

Proof. Let f, g, h, . . . belong to J (A,B) and leta, B, y, . . . belong to J (B,A). 
We define fag = { (a,b) e AxB : there exists a, г A, b; є B such that (a,b;) ef, (6,,а;) e «, 
(a, b) eg). Obviously, f < gis a binary relation from A to B. Let (x, y) є f«g and (х, у’) 
є fag. Now (x,y ) e fag implies there exist a, є А, b, e B such that (x,b, ) ef, ( ba, ) e «, 
(ap y) € g and (Xy' ) є fag implies there exist a; є A, b, є B such that ( x,b, ) e f, (ba, єх, 
(asy)eg. Now from (x,b, ) ef and (x,b,) e f we get b, —b,. Therefore (Ь,,а,) є є, (bsa;) є 
« impties that ( b}, а, ) e«, (ba) ex. Hence a, =a, So, (ay) eg, (ap у) eg 
implies that y—y'. Thus (x,y) e fag, (х,у) є fag implies that y = y'. Next let 
(x,y ) € fag and (x’,y) «fag. Now (х, y ) e fxg implies there exista, є A, b, є B such that 
( x,b, ) € f, (by, a; ) є <, ( apy ) € g and (xsy) ef«g implies there exista, є А, b, є B such 
that(x'b,)ef, (b,a,)e« (ау) єв. Then( a,y)eg, (ау) є g implies that a, = аз. 
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So, ( b,, a, ) є x, ( ba, ) є х implies that b, = Б, and consequently (x,b, ) є f. (x';b,) ef 
implies x = x’. йөк х,у) є бг ( X*y y € fas implies that х = x‘. Therefore fag є 
J( A,B). Also, (f«g) Bh = fx (gù). Indeed, (a,b) є (fag) Bhif and only if there 
exist a, є А, Б, є В such that ( ( ab; ) e fag}, ( b.a,) ef, (а,Ь) єһћ if and only if there 
exist a; e A, bpe B such that ((a, b, ) e f, (Bo a) €d, (а, by )e g}, (b, ) © B, (a,b) 
eh if and only if (a, be) ef. (ba a,) єч, { (a, bi) eg. (bra) € В, (а, b)eh}if 
and only if (a, ba) ef, (ba а) e «, (а, b) є gfh if and only if (a,b ) e f (gph ) 
Tħus ( f«g ) Bh—f« (gh). Hence J (А, B) is a I'—semigroup. 

Thaorem (2 3) : J(A, B ,is an inverse I-semigroup. 

Proof. From Lemma ( 2. 2) we know that J (А, B) isa I-semigroup, where P—J (В,А). 
First we shall prove that J ( A, В ) is a regular I-semigroup. 

LetfeJ(A, B). Then f: дот f->ran fis one-one. Let f~* :ranfdom f be such that 


a 
E - T" : T 
ff^ = Igo ғ andf of = Lian g Where lio, ү denotes identity mapping on dom f. It 


is immediate that f^ ^e J ( B,A). Now f=ff~ ‘fff shows that fef ГЈ (А,В) ГЕ Thus 
J (А,В) is regular. Now to prove that (А, B) is an inverse I-sem'group it is sufficient 


(from THEOREM 2.1: to show that any two «-idempotent of J (А, B ) are « commutative 


where « є Г. So we want to locate «-idempotents of J (A,B). 


Е 


If an element f eJ (A,B) be «-idempotent then f ly where X 2 dom f d conversely 
if f« = ly whe X = dom f then f is «-idempotent. Now let f h beany two «-idem- 
potents in J (A В) We shall prove that fah=hef .. (1). | 

Now f«-ly where X=dom fand h « = lẹ where Y = domh. Then 


dom tais dom[ly h] =[XNY] ly. = XNY 


ran[f«h]— ran [ lyh] = [XQY]h- 
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dom [haf] =dom[lyf]=[YNX]ly =YnNX=XnyY 
ran [haf] = ran [ly f] = [YNX] f= [XnyYjf 
We shall now show that [XQ Y] f = [XN Y] h. 


If possible let [X() Y] f = [XM Y] h. Then [Xf Y] fx = [XNY] he. 
Then [XN Y] ly zz [XN Y] ly Then XN Y 5 ХПҮ, which is absurd. Hence s«h and haf 


have same domain and range. Let ae XY. Тһепа =a implies aly = aly implies 
aha = af« implies ah = af (since « is one-one) implies [alų ] h = [aly ] f implies [afc] h = 

[аһ] f implies af«h = ahaf So fxh = haf. Thus (1) is proved. Hence J (A,B) is an inverse 

I'—semigroup. 

LEMMA (2.4) : Let M bean inverse [—semigroup. If e and f be two idempotents of M 
such that exe == е, fyf = f, exf = eyf, Гуе — fxe, then ех? = fxe. 

Proof. Let ae vi (ех). Then exfuavexf = exf and avexfua = a. Now fuavexfyuave = 

fuave. So, fuave is an x—idempodent. Also, exfyfuavexexf = exf and fuavexexfyuave=- 

fuave. Hence exf є VY(fuave) » «+ (1). Again fuavexfuaveyfuave = fuav (exf) пау eyf) 

uave == fuav ( exf ) uav ( exf ) uave = fuavexfuave = fuave. 

Similarly, fuaveyfuavexfuave = fuave. So, fuave є У? (fuave) - . . (2). From (1) and 


(2) cxf = fuave (since M is an inverse [~—semigroup). Therefore exf is ап x—idempotent 


of M. Similarly fxe is an x—idempotent of M. Now exfyfxexexf = exfxexf = exf and 
fxexexfyfxe = fxexfxe = fxe. Hence fxe є Vy (ext), But exfe Vy(ext)- So, exf = fxe. 


This completes the proof. 


LEMMA (2.5) : Let M bea regular [^ —s.migroup and T be a [7'—semigroup. Let (бр) 
be a homomorphism from (M,[^) onto (T,[~‘). Lete' be an x' —idempotent of T. Then 


we'd 
e'f contains an idempotent of M 
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Proof. Let a є M be such that af = e = e'x'e', where x'e[^*. Letxe[- be such that 
хр = х’. Now let us consider.the element axa. As M is a regular [- —semigroup there 
exist ce M and y,ze[^ such that axayczaxa = аха and сғахаус = c. Now aycza is an 


X—idempotent in M since ayczaxaycza = aycza 
Also, (зуга) f= if) (yg) (cf) (zg) (a£) = e'x'e' (yg) (cf) (zg) e'x'e' 
—(axaf) (yg) (cf) (zg) (аха!) = (axayczaxa)f = (axa' f 


=e". 
Hence e'f-1 contains an idempotent of M. 
LEMMA (26): Let M bea regular [—semigroup and let M’ bea I"—semigroup. Let 
(Е, в) be a homomorphism from (M, Г) onto (M', I"). Then М” is a regular I"—semi- 
group. 
Proof. Let a'—af be an element of M’ wherea є M. Since M is a regular Г —semi- 
group there exist b є M and х,ує Г such thata = axbya. Then a‘ = af = (axbya) 
f == (af) (xg) (bf) (ув) (af)—a' (xg) (bf) (yg) а. Thus a’ is regular. Hence M' is a regular 
I" —semigroup. 
Theorem (2.7) : Let M be an inverse Г —semigroup and M’ bea Г” —semigroup. Let 
(6g) be a homomorphism from (M, Г) onto (M',7*). Then M’ is an inverse Г’ —semigroup. 
Moreover, in any homomorphism the (x,y) inverse of an element of M is mapped into the 


corresponding inverse of the image of the element 


Proof. By LEMMA (26) M' isa regular 7" —semigroup. Weshallshow that any two 


x' —idemotents of M‘ are x' —commutative, where x'e I”. Let e, e, be two y' —idempo- 


ten s of M’. Since ( £g) is onto homomorphlsm there exist e, and e, of M and xer 
suce that e, and e, are x—idempotents of M and e, f = еч, xg = x’, і = 1,2 [by LEMMA 
(2.5) As M is an inverse Г —semigroup e, xe, = е„хе,. Therefore (e,xe,) f = (е„хе,) f. 


Soe,x' e ерх’ е. Hence М” is an inverse 7" —semigroup. Moreover, for ae M, 


хр, yg. Indeed, аха, ууа =а, ату yaxar log! Therefore, (af) (xg) 


Xy © х,у” 


—1 
ayy 


(ay. f) (yg) (af) =af and (a, | . Р) (ув) (af) (xg) (a, : б) (аз, Ў f). Thus one f-(of)-! 


This completes the proof. 


f = (af) 


хр, Y8 
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COMPATIBLE TOPOLOGIES OF A GROUP AND THOSE 
OF ITS LATTICE OF SUBGROUPS-—(I). 


A. DAS GUPTA 


1. It has been found [3] that the set of all compatible topologies of a group G and those of 
its lattioe L (G) of subgroups form complete lattices T and L (T) respectiaely. Also, it 
has been proved that for a topology te T, we have a topojogy t* є L(T and for the 
topology t* e L (T) we have a topology t'e Т. Also it has been shown that t° < t. 
In this paper we have studied the condition under which t and t’ are equal. We note that 


if NUʻ=e, y U’ e Z* where X’ is the complete system of neighbourhoods of the identity 
e of the group G for tha topology t', then G with thetopology t' is a Hausdorff 


Space. - 
2. Lette T and t' bethat element of T which corresponds to t* e L (T), where t* is the 
corresponding element of t. [3] 
Then we have the following : 
Theorem— Let identity be the only common element of the complete system of 
neighbourhoods of identity for the topology t'. If t is compact, then t — t' holds. 


Proof: Consider the function f : (G, t) — (С, t’) defined by f(x) =x, y x eG i.e. 
the identity function on G. 


Now, the identity mapping f is algebrically an isomorphic mapping. Furthermore, the 
mapping f is continuous, since t' < t. 


Henee, as t is compact and as [} U' = e, y U’ e Z’, where 2” is the complete system of 


neighbourhoods of identity for the topology t’, it follows that f is a homeomorphism. 
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Therefore, t = t’. 


-The converse of this theorem is not true і. e. t = tand NU’ = e, y U'«eZ', does not 


imply that t is compact. 


This can be shown from the following example. 


Evample: Let G be the additive group of integers. Let p be a prime number, we 


denote by U, the set of all integers, which are divisible by p*. 


We take for a complete system of neighbourhoods of zero, the totality X of all sets 


UÜU.ibe12 x . И сап be easily verified that X becomes a complete system of 


= 


neighbourhoods of identity for which G is a topological group. 
Let us denote this topology by t. 

Now, each U, is algebrically a subgroup of G. 

For, ifa, be U, then a—b e U,. 

From the topology t of T, we get the topology t* in L (T) and from t* we get t' in Т. 
Here obviously t — t'. 

The topology t is not compact. 

Tf posible, let t be compact. 

Then ( U, + n) forn = 4-1, +2, 4-3, .... isan open cover of G. | 

From this open cover we can find a finite subcover of С. 

That is, there exits integers, nj, ny, ....n,, such that G C {U,, +) U {U, + nU 
ee U (U,4-n4J- 


Let N be an integer such that N-n, i = 1,2.... m is not divisible by рх. 


Let N e {Ux + nj, where IK j < m. 


Then a + n; = N for some ae U,, 
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or, а = N —n,eU,. Contradiction as N — n, is not divisible by рх and so, a ¢ U,. 
3. We define a generalised topological group. 


Definition : 
A set G of elements is called a generalised topological group if 
(1) Gis an abstract group 
(2) Gis a topological space. 
(3) The group operations in G are continuous in the topological space G. 


Let G be a group and t be not the weakest compatible topology of G, so that G with 


the topology t is a generalised topological group. 

Let t be a compact topology. 

Then we can show that there exists a topology t, for which the complete system of 
neighbourhoods of identity is des { N, GJ, where N is a normal subgroup and fet. 
For, from t we get t' | t< t [3]. 

Let H be any neighbourhood of identity belonging to t’. 


Let N = f] xHx 1. Here, N ÆG. 
xeG 


Since t is compact, there exists a neighbourhood V of t | xVx* CH for all x eG. 
Hence, NC x Hx, ух «Сб. So, Vc М. 


Hence, N is an open normal subgroup of G. 


We consider the set X = {N, G}. 


Then it can be shown that 7 satisfies all the five conditions :— 


(1) Identity belongs to all the sets. 
(2) The intersection of any two sets of the system J contains a third set of the 
system x. 


(3) For every set U of the system х, there exists a set V of the same system, such 
that VV-1 U. 


(4) For every set U of the system Z and an element a e U, there exists a set V of the 
system X, such that Vac U. 
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(5) If U isa set of the system Х introduced above and <a’ an arbitrary element of the 
gronp G, tien there exists a set V of the system X, such that аас. 


Hence 7 generates a compatible topology which we denote by t. Also, it can be easily 


shown that t« t <t, where t and t' have been introduced before. 
Now, if G is a simple group, then the compact topology t is an atom in the lattice T. 


For, let t, be any compatible topology such that t, « t. 


Let X; be the complete system of neighbourhoods of identity of the topology t,. 
Then N U =e. y U e Zy since С is simple. 

Hence G, with the topology t, is a Hausdorff space. 

Also, tis compact Hence by theorem I, t, = t holds. 


Therefore, t must be an atom. 
Hence, we have t= t' = t holds, if G is simple. 


Also, t is a discrete topology as N=(e), the identity subgroup. 
Hence, G with the topology t, is a compact discrete space. So, G is a finite group and T must 
be a two element lattice, as t is discrete and is an atom. 


Therefore, we have the following theorem : 


Theorem-—2 : 


If G be a simple group and t «e T be a compact topology, then T is a two element lattice and 
G is finite. 
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ON REGULAR RINGS 


J GHOSH 


]. Regular rings were first introduced by J. V. Neumann and were subsequently studied by 
many prominent mathematicians. In this paper we have studied some properties of regular 
rings. Among other things we have proved that a regular ring is primitive iff it is prime. 
Further we have studied the nature of subdirectly irreducible regular rings 
2. Here rings are all associative. Unless otherwise stated by an ideal we mean a both sided 
ideal. -Let R be a ring and M be a right R-module. we shall say M is faithful if Mr = (О), 
гє R implies r = О. 

Let К be a ring and M be a right R-module. If MR Æ (О) and if the only submodules 
of M are (O) and M, then M is called irreducible. 

A ring will be called right primitive, if it has a faithful irreducible right R-module. 


A ring R will be called prime, if for any to both sided ideals Гапа J, IJ = (О ) implies 
either 1 — (O) or J — (O). 

A ring К ( not necessarily with 1 ) will be called regular if for every a іп К, аха = a is 
solvable in R. 

A ring R is said to be subdirectly irreducible if the intersection of all its non-null both 
sided ideals is different from the zero ideal. 

An element a in a ring R is said to be right quasi-regular if there is ana’ e R such that 
a--a’+aa’ = О. 

We say that a right ideal «f R is right quasiregular if each of its elements is right 
quasiregular. 

The radical of R written as J (R) is the set of all elements of R which annihilate all the 


irreducible R-modules. 


16 J. GHOSH 


If J(R) = (О) then R is called semisimple. It can be proved J (R) is a right quasiregular 


ideal. 
Proposition 1. Any regular ring R is semisimple. 


Proof : Let R be a regular ring anda<J(R). Now К being regular, д x є R such that 
аха = а. Putax=e. Thuse?—e. AlsoeeJ(R)= —eeJ(R). ASJ(R) is a right 
quasiregular ideal, there exist f є J (В), such that —e--f—ef = O >e = f — ef > e = е? 
= ef — ef = О. Thena = ea = О. Thus К is semisimple 


Theorem 1. Any subdirectly irreducible regular ring is primitive. 


Proof : Let R be a subdirectly irreducible regular ring. As R is regular, it is semisimple. 
Then Гү A (M) = (О), where M runs over all irreducible R-modules and A(M) denotes its 
annihilator. It can be easily verified A (M) is a both sided ideal. 


As R is subdirectly irreducible, the intersection of all its nonnull ideal is not a zero 
ideal. Hence there exists A ( M, ) in R with A( M, ) = (О) where M, is an irreducible 
R-module. ` 


Thus R is primitive. 
Corollary : Any'subdircetly irreducible regular ring is prime. 


Proof : It follows immediately from the theorem proved above, as every primitive ring is 
prime. 


Converse is also true, and we give it ia the following theorem. 


Theorem 2. Any prime regular ring is subdirectly irreducible. 
Proof : Let К be a prime regular ring. Let X denote the set of all non-null ideals in R 
Consider the power set P (X). P(X) is a poset w.r.t usual set inclusion relation. 
We define a property P on P (X) as follows : 
An element A e P (X) is said to have property P iff 
N CL I, А) # (0) 


Evidently the minimal elements of P (X) have the property P as they are of the form (I), 
where I is a non-null ideal of R. Suppose the property P holds for every element,Z < Y and 
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Z Æ Y in P (X). We shall prove that Y also has the property P. Let Z' denote the complement 
of іп Y. Then Z' < Y and Z' Æ Y in P (X). 
By induction hypothesis [| ( I, I. e Z } x (О). 


Denote it by 8,. 
And п { Po P. e Z' 3 Æ (О) Denote it by S,. 
Then N (T, T, «Y ) =S П S, (1) 


Now S, Æ (О), S, 4 (О) implies S, N S, 4 (О) 
If possible, let S; N S; = (O).- 


Let p e S, N S,, then by regularity p x p = p for some x in К. Now S, being both sided 
ideal x p e S, > p = p (хр) eS,S, that is S, N 5, С S,8, 


Also 5,5, CS, П Sa Thus 8, N S, —S,$,. 


Now В being prime, SS, = (О) => $, = (О) ог S, = (О) contradiction shows that 
5, П 5, = (0). 


Then from (1) we get Y has the property Р Ву induction every element of P (X) has 
property P. 


As x є P (y), x has the property P. 


The intersection of all non-null ideals of R is not a zero ideal. Therefore R is subdirectly 
irreducible. 


Combining Theorem 1 and Theorem 2 we have 
Corollary : Any prime regular ring is primitive. 
This answers a problem posed by І Kaplansky [7]. 


3. A ring in which every both sided principal ideal is generated by a central idempotent, is 
called a biregular ring. 


Theorem 3. Any simple ring with 1, is a subdirectly irreducible biregular ring. 
Proof : The only both sided non-null idealis the ring R. So R is subdirectly irreducible. 
Evidently R is biregular. 
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Theorem 4 : Any subdirectly irreducible biregular ring is a simple ring with 1. 

Proof : Let R be a subdirectly irreducible biregular ring If possible Jet R be not simple, 
LettP= п { Le I 3 (0) }. Then P Æ (О), as R is subdirectly irreducible. 
Now P z R, for otherwise P = R implies R is simple. 
Thus P is a minimal ideal in R, 


As P - (О), there exists an element a « P/ja zz О => (а) С P. As P is minimal P = 


(a). As R is biregular, Р = (e), where eis a central idempotent. Let (e)* denote the 
annihilator of (e) Now e£ (e)* => (e)* Æ R. If B is an ideal properly containing (e)*, 
there exists an idempotent f z& О in the centre of R with f e B, f ¢ (e)*. 


But (e) C (f). So (е) С B. Thus (e) + (е)* С B and so by Pierce decomposition В = 
R and (e)* is maximal and hence (e)* + (О). 


Now P being intersection of ali non-null ideals (e) С (e)* => e = О. We arrive at a 
contradiction. Thus R is simple. ' 


Now as the centre is not a zero ring it is a field [2], and hence the centre contains an 
identity 1. 


Thus 1 e centre R С К. 

We shall now prove that 1 is the identity of the whole ring R. 

Let ae R. Then (a) = (e) for some central idempotent e. Thus ae—a. 
s.a] = asl = ae = a 
.. Lis the identity of R. 

Thus R is a simple ring with 1. 


4. A ring R is said to be strongly regular if for each element a є R, there exists an x є R 
with a?x = a. 

It can be proved that strong regularity implies regularity and biregularity. 
Proposition 5. Any skew field is a subdirectly irreducible strongly regular ring. 

Proof is obvious. 


Converse is also true. 
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Proposition 6. Any subdirectly irreducible strongly regular ring is a skew field. 

Proof : Let R be any subdirectly irreducible strongly regular ring. 

Then by Theorem 4, R is a simple ring with 1. Now as R is strongly regular, every idempo- 
tent is central, and as R is simple its centre is a field. Thus R contains only two idempotents 
viz О and 1. Let OAaeR. ThengxeR|axa=as> ax is an idempotent a = О 
=> ax з: О thus ax = I. Thus R is a skew field. 


In conclusion, I thank Dr. A. K. Dasgupta and Dr. S. Chandra for their co-operation in 
the preparation of the paper. My thanks are also due to Prof. S P. Bandyopadhyay for his 


suggestions and comments. 
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ON THE MAXIMUM TERMS, ORDERS AND TYPES OF THE 
DERIVATIVES OF AN ENTIRE FUNCTION IN SEVERAL 
COMPLEX VARIABLES. 


B. C. CHAKRABORTY AND B. K. RAY 


Abstract : Let Е be the family of all entire functions in the complex n-space СП. For f, g 
є Е, the Hadamard product f» g is defined. Certain inequalities involving maximum mocdulii 
of the derivatives of the Hadamard product and the Hadamard product of the derivatives of f 
and g have been obtained. A few relations involving maximum term and the corresponding 
rank of the derivatives of the above product have also been obtained. Two kinds of orders 


and types have been considered and a few results involving them have been obtained. 
1. Notations : We denote complex and real n-space by С? and RP respectively and the 
set of non-negative integers by I, so that I" denotes the Cartesian product of n-copies of I. 


We indicate the points ( 2;,..., Za ) (т, = г), (m, ..,m,) ete of CP or В by their 


corresponding unsuffixed symbols z, r, m, etc. Forz, we C" andae C we define z = м iff 
=W,i=i,...n 
aZ= а7у,,.- а?) 


Z+ W= (z + Wp ++, Zn + Wa) 


а= аа... inq» 


The positive hyper octant R,” is the set R? ={ XiXe gh ,X20j4-l..,n).Forke R,” we 
set | ki] =k, + -.. + К, апа for m e F, m! = m, ! - m, !. 


For any p e I, p will stand for the n-tuple (p-,p) Also forzeC" , ke RP, we shall 
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write z* — 9 ids ake (E = 1 even if z, = О). 


For any x, yc В? , we say that 
(1) x<yiffx,<y,i= 1, soy n А d 2 
(2) x«yiffx«ybutx #y 


(3) х<<уіх, < у, і = 1, ...,n 


For an entire function f with domain et 0) will denote the function 


ky ke? 
OZ, +--+ 92, 


We write for any non-empty complete n-circular domain D [ for definition vide 1 83.3] with 


kel». 


centre at О = (0,.. , O) in C". jD|-ír:]zZ|2rnzeD)j 


and Dt = {r:r [D], пот, = О } 


n 
n ‚ - 
For any r = (T, .., 1, )eR. we writer = Пт; 
=, 


2. Let F be the family of all entire functions in C? represented by a multiple power series of 


the form 
P co ; 
(2.1) f(z)= Z ag 2" 
їм} = о 


For f, g є Е we define Hadamard product f « g by 


oo 
Q.2 (f*xg)@=2 а, 0. 2%, where 
I} m || = 0 


(23) g (z) =F b, 2° 
| m |] = © 


we see 


оо Gi | 
Q4 f gas Е П TEDI gm-k 


| mi} =o Li 
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Evidently f є g belongs to Е. 


Corresponding to any f e F we define the maximum modulus M ( r, f) on В: by M(r,f) = 


max | #(2) |. Throughout this section М (т, К) and M*(r, К) will respectively denote 
Iz | ==" 


the maximum modulus of the functions ( f « g ) (k) and f E * g ® оп | 2; | = г,. 


Evidently M ( т, о ) = M* (т, О )foranyre к, We also see that 





MO) for O € r << R and k e I». 


(2.5) M (rk) & Kg 


Theorem 1. Forf, g є ЕЁ, as defined by ( 2.1 ) and ( 2.3) 


б k!REM(rk) 2 (КІ) КЕМ (В, б) 

2.6 ж mt АУ, 

( ) СЮЕ ‚ R—r y S Ro '—Ry 
where O< r<<R<< R andke 

Proof. We have 





Iki 
e rires (el af CK) РСК) 
1 n 
д Zi 3 0 Zn 
Then, for апу z such that | 2, | = пі = 1 .n by Cauchy’s Integral Formula 
tk 
£O (2* g (9 (2) = "EP. | FEO g(D)' ! di -dta 
(2 Dari ( t—z y 
where C = C, x . x C, G —it-z|-R,-rni-l..n. 
Therefore 
M* (nk)« k!RFM(r,k) 
(Ет) 


The other part immediately follows from ( 2 5 ) 
3. Now corresponding to f є Е, we define the function maximum ш (т) 
and central indices v; (г) of ш (r) J= 1, ..., п on R” by 
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ш (г) = Max { | an | г" } 
mel" 


м (т) = Max{m,: | a, |1" == u(r) i=l, pn} 
We call v = (», ..., x, ) as the rank of the maximum term y,(r). We shall throughout 


k) 


denote by u(r, К) and џи“ (т, К) the maximum terms of ((f*g)(z)) / and 


(k 
е (2) * в te Then 


n (k,—1 
(3.1) w(t, К) = zl II {п (m—)} | agb, | “| 


me Pj i=l j=0 
and 
n ,k-1 
(3.2) p*(1,k) = max] П {п (m,—j | | аб | t= 
m єЇ* | 1=160ј-=о vu ; 
Also 1еї 


» = v(t, К) and и = v,* (г, К) i—l,..,n 
be the central indices of p ( r, К) and p* (тг, К) respectively and 

v=v(t,k) = (Yp -sva ) and 4*—v* (г, К) = (vie, +, va * ) be their respective 
ranks. 
In this section we obtain a few relations between u*(r,k) and ш(т,К) which give us more 
information about the class of entire functions defined by (2.1). For any f e F, let D, be the 
set of discontinuities of v in | С" | where v—(v,:7, va) is the rank of m (т). Also let S denote 
the set of all r e | C? | at which џ, (r) is attained by more than one term of the series 
(3.3) Ў ag 

|| m || =o 

[ 3, J. Gopal Krishna ] had shown that D, and S are identical. 
Hence for r e | C^ | —D,, и, (г) is attained by only one term of the series (3.3) and the posi- 


tion of that term is у=( v,, +, v, ). 


Theoram 2. Forre| С" | —D,UDj and k e I? 
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n (k-1 n (К) 
64 mn {п п) «00 < іп wsi) 
i-1 -0 HTK) i=l Y=0 


where D, and Оў denote the set of discontinuities of v and v« in | С? |, vand vx are he 


ranks of u(r,k) and p*(r,k) 
Proof. From (3.1) 


(35) w(t.k) > Р, 





Also from (3.2) 


к 
(36) ьт) > л П pe pz 


is: = 


= plek) am a ‘ei. 


Hence the the theorem follows from (3 5) and (3.6). 


Theorem 3. If (т,К) and v (r,k--T) be the ranks of p(r,k) and u(r,k-- T). 
Then 


n 
‚(т.к < urk- T) Ре 
on д feei) < н 


n 
«n Lesen | 


1= 
for re | C^ | —D UDa, ke I", where D, and D, are the set of discontinuities of у (r,k) 


and v(r,k--1) in | C^ |. 


Proof. From (3.1), we have 


n 
MED Tr [v(r,k--1) «+ Мает 
l= 


k k— 
Romane oet 
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Therefore, 


n 
n покк, } 
p(rk--T) < jk) Le! 


n 
H т, 
i=] 
i. e. 
(3.8) < п 
e т< i | Y, к-к } 
? [== 
Again 
n 
Mek+D> MEn nk) i » (5k) —k, | ] 
|= 
| a,(.k)b, (rk) | r” (PRI 
(3.9) n 
= П reni] 68 
j=1 zt 
(3 8) together with (3.9) proves (3.7) 
Corollaries. 


n n 
1) Hvw(nO) < Hn (rI) <- 
2p i 








» Ш) мд) 
) 0) < (eT) 


3) Putting КО, ... p-1 successively іп (3.7) and from above we get 


щт,О) 


І 


h - ү lp n _ 
п „ (1,0) < ten) < II v (rp) 


If we do not delete the set of discontinuities of у and v*, the above theorems take the 


following forms whose proofs follows in the same line as those of the above. 
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Theoram 2' Foranyre|C*], kek 





n (k-1 n ck, 1 
= {i m) < 200 <n {п oh 
i=1Y=o ШТ,К) “шуо 


where p=(p,, ,р,) is a position of occurrence of p(r,k) and v*(r,k)—(»v,*,...,5,*) is the rank 
of p*(r,k). 
Theorem 3' If q—(q, qa) is a position of occurrence of p(r,k) and v-(vw,...»,) is 
the rank of u(r,k-- T), then, for any re | С" | 

Ti pr k +T) 

П fa r,k -к}< Pe! mI 

Дау дт 
n 
« n (екъ) 
i=l 
“4. In this section we shall consider Gol'dberg order and Gol'dberg type of an entire function 
іп C», Let D C С" be an arbitrary bounded complete n-circular domain with centre at the 


origin of coordinates. Then for the entire function f, we define 


Me p(r)esup[|f(z)|,r(2 O)e R, where the point ze D, iff the point 
> z e D, 


$ ? 


z 2, 
(© Ss =) єр. The Gol’dberg order pp and Gol'dberg type оту (briefly G-order and 
r r 


G-type ) of f зу. т. t the domain D are defined by the formulas [1, Fuks P. 339] 


log log Mr p(t ) log Me рб") 
Pp = lim sup орг. = ср = lim sup ;D 
I—- оо T—- со 


It turns out that the  G-order pp does not depend on the choice of the 
domain D while the G-type ср does [1, P.339]. It is also known [1, P.339] that for the 
entire function f 


(4.1) Pp=P=lim sup Jmilogsimi ang 


т | оо 198 | аа | 
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1 А 
(Ea aaf LRL ig (DTT) 
iim Il — оо 
where . din (D) = sup | Iz; | m, (zh | 
ze D j 
Theorem 4 If f is an entire function with G— order p (O < p <  ), then p(k) (ke I") 


is also of G-order p." Moreover, for a bounded complete n-circular domain D, the entire 


function f and f (k) have he same G-typc ср: 


Proof. Let f(z) = 3 an 20 be of G-order (O < р < о ). Then, from ( 24 ) 
im {| =o 


" kl o. 
‘OY. F гл n П (m -» paz um 
о 1 = 


Im] = Ј=0 Е 
- : n k,—1 ү 
—log[ la, 1 H {i ( m,—} } ] 
zu ` i=l (]=о г 
Now lim inf———————— ————————— —————— 
imio. . . П огт || 
n k,—1 
| - log II П (m—j) 
—log|a_ | cm E 1 
TE pe ee S x 
imil >o  WImilogimil m log m 
—log |а | | 
= lim inf - Z =) by (41) = 
Im - I MI log ilm f 
Again — Y n ko-l -4 
lim sup [I my ^^ Lits tes п (min) Imi] 
[m jo i=l j=o 


1 


УЛ E E Imi J 
=] | 4 р 
ripe a Е E | 


which proves the Theorem, 
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Remark. In a similar way we can prove the following : 
For f, ge F, iff * gis of G-order p (O < p < о) and G-type ср corresponping to а 


(k: 


bounded complete n-circular domain D then (DO. g`° is also of G-order p and G-type огу 


Theroem 5. Let f, g є Е be of G-osders p, and p, respectively, then f * р e Е and satisfy 
l/p > 1/p, + Шр, where p is the G-order of f * g. 
Proof. Thatf* ge F is evident Now, 

— log | an ba 


1р = lim inf Тов jm 
imi | m || log ilm || 


(43) > lp, + Hp by (41) 


Corollary. Iff, g « F be of G-orders p, and p, respectively then f d). Z9 e F and be of 
G-order p satisfying ( 4.3 ) 
5. Letf bean entire function and M (r) be its maximum modulus. Let B, denote the set 


(may be empty) of all points a e R^ such that 


1 se 


a аһ 
log M(t) < ri . + ге for | rj jy. 


The boundary 9B, of the set В, is called the order off ai d any point р є gB, is called an 
order point. We say that f is of finite or infinite order according as B, is non empty or empty. 
Evidently, for any р є @B,, pz О Ап order point p is said to be positive if p >>O. 

Next, let p є 9B, ( p >> О ) and T, = Т, (p) denote the set ( may be emyty ) of all points 


n such that log M AE n р 
Век suc at log M (т) < Ву rj Toc Вато for diri. 


a 


The boundary ӘТ, of the set T, is called the type of f corresponding to the order point p. 
A point ос є 9T, is called a type point of f. A type point c is called positive if o >> О. 
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We say that f is of finite or infinite type according as T, is non-empty or empty. 


Theorem 6. The entire functions f and p(k) (ke I? ) have the same set of positive order 
points. Moreover for a positive order point they have the same set of positive type points. 


Proof. Let f be as in ( 2.1 ) and let p bean order point of f. It is known [ P. 137 Ronkin ] 


that p ( >> О ) is an order point of f iff 


m m 


GE log m + oc—logm 
| Py B 1 + eee Pn g n 
( 5.1 ) Hm sup... uoc c urs аара | 
| m | > 2108 еы 
Now, I Ma 
go PER tot VT dogm, 
lim sup oem ME REPE т. уе EE RS 
n k,—1 
[| m jl — oe —log[ H П (m-—j)]l8a|] 


n k—1 
—log [ Л (1 (mi) Jis 


zij lim inf =! eem 
Imi -> o Mi gpa +... +4 log m, 
Pi Ра 
lim inf —log | an | 
zi 1m ini — ——————— —M—————————— „| by ( 5.1 ) 
m m 
lm || оо Zh jog m, +... + log m, 
Pr n 


By reversing the step we get the converse part which settles tbe first part. 


It is known [P.139, Ronkin] that o(>>O) isa type point of f for a positive order point 
p iff 


1 
n 
2 lim s { an | П HL mnis =] 
(5.2) im sup 4 | д ( E ) 


] ml > ос 


Let o(>>O) be a type point of f the positive order point p so (5.2) holds. 
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Now, 
1 
n k,— 
lim sup [ |а, | d D CEU П - (m, | jimi 
П m || оо Coy р i=l j=0 
(5.2) = lim sup [ | an П. E Pe TET 
|| m. || оо ec, БУ, 


Hence o is a type point of et E for the order point p,  Reversing we get converse part. 
This completes the proof. 


Theorem 7. If f, ge F then f* gand f(*) ж g(*)(keI*) have the same set of positive 
order points. Further, for a positive order point they have the same set of positive type 


point. 
Proof. The proof is exactly similar to that of Theorem 6. 
Remark. We observe that while our order points and type points are subsets іп R к the 


G-order and G-type of an entire function are simply non-negative real numbers, 


ACKNOWLEDGEMENT 


"The second author wishes to express his gratitude to the U. G. C. for awarding him a teacher- 


fellowship under F.I.P. scheme. 


REFERENCES 


[1] Fuks, B. A. : Introduction to the theory of Analytic functions of several 


complex variables-Amer. Math. Soc. ( 1963 ). 


32 B. C. Chakraborty and B. K. Roy 


[2] Goldberg A. A. : Elementary remarks on the formulas defining order and 


type of functions of several] variables, Akad. Nank Armjan, 
SSR Dokl. 29 (1959). 


[3] Gopal Krishna, J. : Maximum term of a power series in one and several 
complex variables - Pacific Jour, of Math. Vol. 29 No. 3 
(1969) pp. 609-622. 


[4] Ronkin, L. I. : Introduction to the theory of entire functions of several 


variables - Amer. Math, Soc. (1974). 


Department of Pure Mathematics, 
University of Calcutta 
Calcutta-700 019 

INDIA. 


Received 
24,8.1987 


Jour. Pure Math 
Vol. 6 (1987-88) PP—33-42 


ON PAIRWISE D-SPACES 


M. N. MUKHERJEE 


ABSTRACT In this paper, pairwise D-bitopological spaces have been introduced and 
studied. 


KEY WORDS AND PHARASES Pairwise D-Space & D-subset, pairwise semi-open, 
pairwise semi-continuous, pairwise regularly open, pair-wise D-separation, pairwise 
D-connected, 


1980 Mathematics AMS subject classification code: 54E55 


1. INTRODUCTION Norman Levine [2] defined and studied D-topologies He called a 
topological space (X, T) a D-space if T is a D-topology on X, that is, if every nonempty 
open set of (X, T) is dense in X. Itis the aim of this paper to introduce this concept in 
bitopological spaces. In Section 2, the notion of pairwise D-spaces is introduced and it is 
shown that a pairwise D-space is not just a pair of D-spaces. Some properties of such 
pairwise D-spaces have been investigated and certain theorems of [2] have been generalized. 
In Section 3, we define pairwise D-connected bitopological space and the relation of such 


concep: with that of connected bitopological space is studied. 


In course of the exposition of the paper, we shall require some definitions which we 
state below. Ву ( X, T,, T, ) or simply by X we shall always mean a bitopological space with 
two topologies T, and T,, A‘l, А!2 shall mean T,-interior and T,interior respectively of a 
subset A of X, whereas by Ar, and Ат, will be denoted respectively the T,-closure and T, closure 
of A in (X, T,, T,,). A bitopological space (X, T,, T;) is said to satisfy pairwise Т,-ахіот [4] if 


for any two distinct points x, y of X, there exist T,-open set U and T,-open set V such that 
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xeU, y¢ U and y e V, x¢ V. ( X, T,, T, ) is called pairwise Hausdorff [1] if for any pair 
of distinct points x, y of X, there are T,-open neighbourhood V of x and T, open neighbour- 
hood W of y such that V [| W = Ф, A subset A of X is called T, semiopen with respect to 
Т, [5], if there is a T, open set V such that V C A С ү-т j, where i, j=1,2 andi #j. A is 
called pairwise semiopen if it is Т; semiopen w.r.t. T, and T, semiopen w.r.t Т,. A function 
f from ( X, T,, T, ) to a bitopological space ( Y, P}, P, ) will be called T, P,—semi continuous 
w.z.t. T, [2], if for each P,-open set A, f^! (A) is T, semiopen w.r.t. T,. Similarly T, P,-semi 
continuity of f w r.t. T, is defined. fis called pairwise semi continuous if fis T,P, semiconti- 
nuous w.r.t. T, and T,P,-semi continuous w r.t Т,. A subset A in ( X, T}, T,) is called T, 
regularly open w.r.t. T, [5], if and only if A = (AT 2}1. Similar goes the definition of T; 


regularly open set.w тх. T,. 
2.. PAIRWISE D-SPACES AND THEIR PROPERTIES 


DEFINITION 2.1 Let( X, T,, T,) bea bitopological space. We easily note that every 
nonempty T, open set of X is T,-dense in X if and only if every nonempty T, open set is T, 


dense in X. 


We define ( X, T,, T, ) to bea pairwise D-space if and only if every nonempty T, 
open set is T, dense in X ( or equivalently, if and only if every nonempty T, open set is T, 
dense in X ). | 

It follows immediately that 
THEOREM 2.2 ( X. T,, T, ) is pairwise D-space if and only is every nonempty T, open set 
has nonempty intersection with every nonempty T, open set 
REMARK 2.3 It follows from definition that a pairwise D-space can never be pairwise 
Hausdorff, though it may satisfy pairwise T,-axiom as is'seen from 
EXAMPLE 2.4 Let X be an uncountable set and T, be the cofinite topology and T, - the 


co-countable topology on X. Then (X, T, T,) is a pairwise D-space and satisfies T,- 


axiom. 
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REMARK 2.5 А bitopological space ( X, Ту, T, ) is pairwise D-space does not imply that 
(X, T, )or( X, T, ) isa D-space. Also, ( X, T,, T, ) may not bea pairwise D-space even 


if ( X, Т, and ( X, T, ) are D-spaces. This is seen in the next example. 


EXAMPLE 26 Let X = {a,b, c,d}, T, ={X,¢,{a}}andT, —(X, d, (b) Then 
( X, T, ) and ( X, T, ) are D-spaces but ( X, T,, T, ) is not a pairwise D-space. 


Again, let P, = (X, 4, (a, b}, (c, d}}and P, = { X,¢,{a,c}, (b, d) ). Then 


( X, P, P ) is a pairwise D-space whereas neither ( X, P, ) nor ( X, P, ) is a D-space. 
THEOREM 2.7 Every subspace of a pairwise D-space is also a pairwise D-space. 


THEOREM 2.8 (X, T, T,)is pairwise D-space if and only if X contains no proper 


pairwise T, regularly open set w.r.t. Т, as well as no proper Т, regularly open set w.r.t. T,. 


PROOF Let( X, T,, T, ) bea pairwise D-space. If A is a proper T, regularly open subset 
of X w. т. t. T,, then ( AT?) = A Æ X and hence AT? Æ X -a contradiction. Similarly 


X has no proper T, regularly open subset w.r.t. Ty. 


We prove a stronger converse that if X has no proper T, regularly open set w.r.t. T, or 


no T, regularly open set w.r.t. T,, then ( X, T,, T, ) is a pairwise D-space. 


Infact, let ( X, T,, T, ) have no proper T, regularly open subset w.r.t. T, and Jet it not 
be a pairwise D-space. Then there exist nonempty sets A e Ту, B e T, such that A N B = 4. 
Then AT? г] B = à and hence ( AT?) гү B = 4. Then (AT?) isa proper T, regularly 


open set w.r.t. Tj, which goes against the hypothesis. 


Pervin [3] defined a bitopological space ( X, T,, T, ) to be connected if and only if X 
cannot be expressed as the union of two nonempty disjoint sets A and B such that 
(А п Вт ?*)U(AT!9] B) = ф. He proved that (X, Tj, T,) is connected if and only 
if X cannot be expressed as the union of two nonempty disjoint sets A and B such that A is 


T,-open and B is T,-open. Thus we immediately have, 
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THEOREM 2.9 A pairwise D-space ( X, T,, T; ) is connected. 


The next example shows that the converse of the above theorem is false. 


EXAMPLE 2.10 Let X = (a, 5, c, d), Т, = (X, ф, { b, c) ) and 
T, = {X.¢,{b}, {d} (b dj) 


Then ( X, T, T, ) is obviously connected but not a pairwise D-space. 


THEOREM : 2.11 Pairwise semi-continuous and hence pairwise continuous image of a 


pairwise D-space is also so. 


COROLLARY : 212 Every pairwise semi-continuous function (and hence every pairwise 


continuous function) from a pairwise D-space into any pairwise Hausdorff space is constant. 


THEOREM : 2.13 Let(( Xa Th, T?,): ae 1} bea family of bitopological space (where 
Tis some index set ) and ( X, Tt, T? ) be their cartesian product, i.e., X—cX, and Т!, T? are 
respectively generated by T?,’s and T?,’s. ( X, T!, T?) isa pairwise D-space if and only if 


each ( X,, T,}, T,?) is a pairwise D-space. 


PROOF. Since the projection map P, : ( X, :) — (X, T4!) is continuous and open for 


each a e I and i = 1, 2, by virtue of Theorem 2 11 the necessity follows. 


Conversely, suppose ( X,, T1, T?, ) is a pairwise D-space, foreach а «І алі V bea 
nonempty Tl-open set in X and x c V. Then there exist indices 2, 85 +, а, (say) and 


1 
бу, eT а, such that 
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UN 


EX 2. p—l à — T2 v 
= Р, (U, Т cR (U, Т сүт СХ. Thu V X. 


THEOREM 2.14 (a) Letf : (X, Tı, T;) —( Y, P,, P,) be one-to-one and pairwise 


open and ( Y, P}, Р, ) is a pairwise D-space, then ( X, Tj, T, ) is also so. 


(D Letf : (X, T, T,) — ( Y, Pj, P,) be surjective and { f-t (V): VeP,} = T, fori = 
1, 2, then ( X, T,, Ta, ) is a pairwise D-space if and only if ( Y, P,, P, ) is so. 


REMARK 2.15 The conclusion of Theorem 2.14 (a) may not be true in case either f : 
(X, T,) > CY, Р, ) orf: (X, T,) > (Y, P) is open but not both. This is seen from 


EXAMPLE 2.16 Let X = Y = {а, Б, с, а }, 
T, = { X, ф, {a}, {b} {a,b}, {a,c}, (806b), Т, = { 4, X, {b} } 
Р, = (X, d, (b, {a. b} } and P, = (X, d, (b), (b. d }}. 


Consider the identity map f : (X, T, Ta )—> ( Y, P, P). Then f : (X, T) (Y, P, ) 
is open but f : ( X, Т) —( Y, P,)isnot open. ( Y, Р,, P, ) is a pairwise D-space, 


whereas ( X, T,, T, ) is not so 


DEFINITION 2.17 A subset A of ( X, T,, T, ) is called a pairwise D-subset of X if and 
only if ( A, (Т,)^, (Т,)д) is a pairwise D-space. 


THEOREM 2 18 LetACYC'/X,T, T,). Then А is a pairwise D-subset of X if and 
only if itis a pairwise D-subset of ( Y, ( T, )v, ( T, )Y ). 


PROOF. Easy and left. 


THEOREM 2.19 IfA is a pairwise D-subset of ( X, Tj, T, ), then Ат, Q АТ, is also а 


pairwise D-subset of X 


PROOF. If B = Ат, N АТ, is not a pairwise D-subset, then there will exist two 
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nonempty disjoint sets U and V such that U e (Т, )в and V e (Tae. ThenU(1A (4) 
and УГ А ( #¢ ) are respectively (Т, )д and (T,)A open such that (Uf A) 
N CV N A) = ¢ which proves that A is not a pairwise D-space 


REMARK 2.20 If A isa pairwise D-subset of (X, T, T, ) then neither At, nor Ат, may 


be pairwise D-subset as is seen from 

EXAMPLE 2.21 Let X = (a, Б, с, d, f), 

T, —(4, X; {а}, (b, {a,b}, (a, b, c) ) and 

T: ={¢, X {a}, (fj. {af} {ac} {ac f}} 

and consider the set A = { a, c } of the bitopological space ( X, T, Ta ). 


Now, (Т, )д = {A,¢,f{a}}and(T,)a={A,¢,{a}}. Ais obviously a pairwise 
D-subset of X. 
Now, Ат, ={a,¢,d,f} = B (say) and Aj, = {a,b,c,d} = D (say) (Т, )в 


= (B, &, {a}, {a c) } and (Ta) = {B ф, (а), (f. {af} {a,c}, {а c, f}}; 
(Т, )ь = (D. ф, (ab (b {a b} (а, b,c} ап (Т, )ь = { D, {ар (а, 0)). 


Clearly neither B nor D is а pairwise D-subset of X. 


REMARK 2.22 Union of two pairwise D-subsets of a.bitopological space may not be a 


pairwise D-subset as is seen form 


EXAMPLE 2.23 Consider ( X. T,, T, ) of Example 2.21. Let A = (a, cj and B = (b, d) 
It has been shown in Example 221 that A is a pairwise D-subset. Now, (Т, )g = (B, 4, 
(b))and(T,)s— (4, В. Clearly В is also a pairwise D-subset of X. BuAUB- 
{ a, b, c, d ) is not a pairwise D-subset as shown in Example 2.21. 


THEOREM 2.24 If A and B are pairwise D-subsets of ( X, T,, T, ) and if either (А f) B$) 
+ $ and ( B N А) = $4, or A N BY z $ and A, N B = $, then A U B is a pairwise 
D-subset of X. 
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PROOF. Denying the theorem, we get a pair of nonempty sets U and V in X such that 
UcT, VeT;, (Urn V)n(AUB)—4, butUQ(AUB)z4and V 1 (AU B) 
Æ $. Since A and B are pairwise D-subsets, U and V cannot both intersect A or both 
intersect B. Suppose U ПА = ф SinceU(1 (A U B) x à, wehave О р B x 4 and 
then V N B= $andV(1 Az à. Ifthe first assumption of the theorm holds then U f) B 
and A‘, П B are nonempty ( T, )в and (Т, )g open subsets of B such that ( U N B) N (Af 
ПП B) C U f) A = 4, proving that B is not a pairwise D-subset. If the second assumption 
of the theorem holds, then B; N А and V f] A are nonempty and respectively ( T, )д and 
(Т, )A open subsets such that (BM A) (1 (V 1 A) C V f) B = 4, proving that A is 


not a pairwise D-subset. The case when V f] A = $ can similarly be tackled. 


THEOREM 2.25 Union of a chain of pairwise D-subsets of a bitopological space is also a 


pairwise D-subset. 


THEOREM 2.26 Every pairwise D-subset A of a bitopological space is contained in a 


maximal pairwise D-subsets of the space. 
PROOF. Follows from Theorem 2 25 and Zorn’s lemma. 


COROLLARY 2.27 Every bitopological space is the union of its maximal pairwise 
D-subsets. 


REMARK 2.28 In a bitopological space, maximal pairwise D-subspaces need not be either 
T,-open ( or T,-closed ) or T, open ( or T,-closed ). Also maximal pairwise D-subsets need 


not be disjoint. These are seen from 


EXAMPLE 229 Consider the bitopological space ( X, T,, T, ) of Example 2.21. It can be 
checked that the maximal pairw se D-subset containing A = (a, c }is M ~ (a.c, d). But 


M is neither T,-open nor T,-closed nor T,-open nor T,-closed. 


Again the subset B -- { с, d } isa pairwise D-subset. If B* denoted the maximal 


pairwise D-subset of X containing B, then B* с M and hence B* N M + 4. 
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3. PAIRWISE D-CONNECTEDNESS 

DEFINITION 3.1 Let( X, T,, T, ) bea bitopological space. Two nonempty subsets A, B 
are said to form a pairwise D-seperation of X ( where A is T,-closed and B is T,-closed у if 
and only if X = A UB and (A, B)U(AQ B,) = $. (X, Tj, T,) is said to be 


pairwise D-connected if and only if there exists no pairwise D-separation of X. 


THEOREM 3.2 А pairwise D-connected space ( X, Т,, T,) is connected but the converse 


is false. 


PROOF. Let X be not connected. Then there exist nonempty T,-open set А and T,-open 
set B such that X= A U Band A N B ~ ф. Then C = X-A = Band D = X-B = A 
аге nonempty sets, respectively T, closed and T,-closed and are such that X = C U D and 
(C,nnD)U(CDhPD')-(ChnD)U(CAHD)-Bf1A-—4. Hence С and D 


form a pairwise D-separation of X and the first part of the theorem is proved. 


› ; 
To show that the converse is indeed false, we consider the following example. 


Let X = {a, Ь, с, 4}, Т, = (X, 4 {a}, {a b {аа}, (a, b, d ) and 
Т, ={ X,¢,{a},{b}, {a,b}}. Then (X, Tj, T, ) is connected. 


Now, let A = (b, c)and B = {а, c,d}. Then A, B are respectively T,-closed and 
T.-closed such that (А, ПВ) = {ъ} ПВ = ф, AN B,={b,c}N{a,d}=¢ and 
Х ~ А |) В. Hence A, B form a pairwise D-separation of X and then X is not pairwise 


D-connected. 


THEOREM 3.3 If A, B form a pairwise D-separation of ( X, T}, Т,) and Y is a pairwise 
D-subset of X, then either Y C A or Y CB. | 


PROOF. If Y & A and Y & В, then Y N (X-A ) and Y [| (X-B) are nonempty disjoint 
sets in Y, respectively. ( T, ) y open and ( T, )y open. Also [ Y 1 (X-A)] 1 (Y n (X-B)] 
C(X-A)(1(X-B) = X-A U B = X-X —4. Then Y is nota pairwise D-subset of X. 
Hence either Y C Aor Y CB. 
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LEMMA 3.4 ( X, T,, T, ) is pairwise D-space if and only if there doesnot exist any pair of 
nonempty sets А, B respectively T,-closed and T,-closed such that X = A U В, 


THEOREM 3.5 ( X, T,, T,) is a pairwise D-space if and only if X is pairwise D-connected. 


PROOF. Necessity follows from Lemma 3.4. 


Conversely, let ( X, Tj, T, ) be not a pairwise D-space. Then by Theorem 28, there 
exists a nonempty proper T, regularly open set A w.r.t. Tj. Then (AT), = A. Let G 
= X-A and Н = AT, Gand Н are nonempty sets respectively T,-closed and T,-closed. 
Also, С, ПН = ( X-A5) N А", = фап G п Н, = (X-A) ПА = 4. 


Then G апі Н form a pairwise D-separation of X, proving that X is not pairwise 


D-connected. 


REMARK 3.6 It is shown in [ 3] that a space ( X, T,, T, ) is connected iff every pairwise 
continuous map of X into the bitopological 2-space ( Y, D,, D,) is constant, where Y — 
{0,1}, D, = {Ү, ф, {0} }апар, = (Y, 4. {1}}. Nowby Theorem 3.5 and 2.11 we 
can easily see that if X is pairwise D-connected, then even every pairwise semi-continuous map 
of X into the bitopological 2 space is constant. But by taking X = [a,b,c,d], T, = 
{Х, ф, {a} {a,b}, {a,d}, {a,b,d}}andT, = (X, 4, {a}, {b} (a, b) } (see 
converse part of Theorem 32) we observe that every pairwise continuous function from 


(X, T, T,) into the bitopological 2-space is constant, although X is not pairwise 


D-connected. 


NOTE This paper was communicated to Kyungpook Mathematical Journal in early January, 
1983 Since the paper has neither been accepted nor rejected till now in spite of repeated 
reminders, the author has preferred to publish, in the departmental journal, a shortened 


version of the paper deleting most of the proofs. 
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A SYSTEM OF AFFINE CONNECTIONS ON 
A RIEMANNIAN MANIFOLD 


S. MUKHOPADHYAY 


O. In 1950, Sen [4 ] constructed an algebraic system generated by a single element. In 
course of his investigation he obtained a cyclic sequence under certain conditions. Later 
Chaki [ 1] started with the coefficients of an arbitrary affine connection in a Riemannian 
space and constructed a cyclic sequence of twelve distinct affine connections. In 1961 Gupta 
[ 2] obtained several interesting results regarding the sequence obtained by Chaki. 

In section one of the present paper, the sequence of affine connections constructed by 
Chaki has been generalized on a Riemannian manifold and the corresponding sequence of 
torsion tensors has been constructed. A few interesting results regarding this sequence have 
been obtained. Section two deals with the covariant derivatives of the Riemann metric with 
respect to the affine connections of the sequence. Finally, in section three, the curvature 
tensors of the connections of the sequence have been calculated. 

1. Let M bea Riemannian manifold with Riemann metric g and let V bean arbitrary 


affine connection defined on M. Write 


(1.1) = 8(7у2,Х) 


where X, Y, Z, ...... are differentiable vectorfields on M. The associate a* and the conjugate 
a’ of a are defined by 


[a* -gS( Vy Z; X) - (Vy 8)(ZX) 


(12) | 
[а —-g(Vz Y, X) 


Evidently, a** = a' = a. The connection a is said to be self-associate or self-conjugate 


according as a* — a or a' — a respectively. 
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Let H ( Y, Z) bea differentiable teasorfield of type (1.2) on M. Define an affine 


1 
connection V on M by the relation 


1 
(1.3) VyZ= VyZ+H(yY,Z) 
and write 


1 
(14) d = 8 (У ү2,Х) 


Starting with d, a sequence of affine connections can be obtained by forming successively 
the associate and conjugate of d,, and the elements of this sequence may be denoted by d,, da, 
ds ete. 

Thus 


2 1 1 
d, = df = g( VyZ,X) =8(Vy2,X) + (Vy8)(ZX) 


3 2 
d,—d*—d,—g(VyZX)—-g(VzY.X) 


and so on. Proceeding in this way a cyclic sequence of twelve affine connections can be 


obtained which is as follows : 


d =a +y 

а, = a -+ а — 8 

d, = a’ + a’ — 8’ 
dj=ata—A+fA+e' 

d;=a' +a’—A+ В + = 

de =a +a + а А+ В+ В —– у 
d; = а +а фа л В+ В – у 
d, = а +a’—A+f6+f' + 8 

а = а +а-А+В +В + 8' 

do = a’ + a’ + В — = 
dy=ata+B—e 

dj, = а + у 


(1) 
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where 
a = ( Vyg) (Z, X), a’ = (Vz8)(Y,X) 
A -(Vx8S)(Y,Z) - X 

(п) | B= 8 VyX-Vx¥Z) 8 = 872 ХУ 2) 
y= g(H(Y,Z), X), y = gH(ZY)X) 
8 = g( H(Y,X),Z), &’ = g( H(Z, X), Y) 
«= ЩН(Х,Ү)2, e =g H(X,Z),Y) 


It is interesting to see that the affine connection ‘d’ defined by 


(1.5) 2d = dk + du, К = 1, -.., 6 

is both self-associate and self-conjugate, that is, 
d* = d and d'a d 

and it is given by 


(L6 20 =а фа tate —A 4 Ba В 


WT (Y,Z)= S pad уны fh ge As as AE CE 
Vy Vz 


denotes the torsion tensor of the affine connection V, where d, = g ( Vy Z, X), then a 


straightforward calculation shows that 


| 2 9 3 8 
| TCY,Z)=T(Y,Z) = -T(Y,Z)—2[Y,Z] = ~ T(Y, Z) - 2 [Ү,2] 
| 4 по 5 10 

(17) | T(Y,Z)2 T(Y,Z) = -T(Y,Z) -2(Y,Z2] = — T( Y. Z) —2[Ү, Z] 
| 6 1 7 12 Р 
| Т(Ү,2)=Т(Ү,2)= -T(Y,2) 2[Y,2] 5 —T(Y,Z) -2[Y,Z] 


Theorem (1.1): The torsion tensors of the sequence ( I ) satisfy 


k k4-9 
(1.8) T(Y,2)+ Т(Ү,7)=—2[Ү,7] 
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The proof is immediate. 
It is easy to see that the torsion tensor + ( Y, Z) of the connection ‘d’ defined in 
(1.5) is 


k 6 
(L9) +(Y¥,Z) = Т(Ү,2) + Т(Ү,2) = 2[Y.Z] 


Itis known that every Riemannian manifold admits a Riemann connection or Levi- 
Civita connection which is a metric connection and whose torsion tensor is zero. If 


y denotes this L. C. connection, then [ 3 ]. 
28 ( Vy ZX) = Yg (Z, X) + Za (Ү.Х) — Xg( Y, Z) 


TgOX У] 2) rs([X2]Y)-c-8(DY.Z]X) 
Writing d = g( Dy Z, X ) it can be seen, by virtue of ( 1.9), 


(110) 2g( Vy Z X) S28( DyZ X) - (7X, YZ) — g(* (X, Z), Y) 
— g(* CY, Z), X) 


Theorem (1.2) : In terms of the connections of the sequence (І), the L.C. connection of 
the Riemann manifold is given by ( 1.10 ). 


2. In this section symmetric covariant derivatives of the Riemann metric g have been dealt 
with. 


Covariant derivative of the Riemann metric g is said to be symmetric with respect to an 
affine connection V if 


(2.1) (Vy8)(Z, X) = (Vz8)CY. X) 


for all differentiable vectorfields on M. In this section the above relation will be considered 
to be true. 


k k k 


denote the covariant derivative of the Riemann metric g with respect to the affine connection 


k 
V, then 
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1 2 7 


8 
(Vy 8)(Z X) 


3 4 9 
(уув) (2х) = - (Vy (2X) -CVy (2X) 
( 2.2) i 
(Vy8) (ZX) 


5 6 11 
(Vy8)(ZX)— — (уув) (2Х) = – (Vy 8)(Z X) = 


12 
(Vy 8)(Z X) 


From ( 2.2), (2.1) and ( II) it can be seen that 
1 2 7 8 

(i) Vg Vg үу в, V в are symmetric if and only if 
8+ у Е е = О; 
3 4 9 10 

(i) Vg ув У в, V gare symmetric if and only if 
2вВ+8'+т—у+=е—$8+у =0; 


5 6 11 12 
(ii) Vg Vg Vg V gare symmetric if and only if 


2В8+8'+т—є+8+8—у = О 


47 


Theorem ( 2.1) : In view of the symmetry of the covariant derivatives of the Riemann 


metric g, the elements of the sequence ( I ) can be divided into three classes {d}, da, dy, d, ), 


( dg, dy, 4, dyo } and { ds, dg, di, dye J. 


Theorem (2.2) : If the covariant derivative of g is symmetric with respect to the 


connections in any two of the above classes, then it is symmetric with respect to the 


connections of the remaining class also. 
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3. The curvature tensor K ( X, Y ) Z of the affine connection V is given by 
(31) K(X,Y)Z- VxVyZ— Vy VxZ— V [X Y]? 

and its fully covariant form 'K ( X, Y, Z, W ) is given by 

(3.2) ‘K(X, Y,Z,W)=g(K(X,Y)Z,W) 


t 
If ’K (X,Y, 7, У), <= 1,2, ..., 12 denote the fully covariant curvature tensors of the 
affine connections of the sequence ( I , then they form the following sequence : 


K (KY, Z,W) = КОХ, Y, ZW) + в (Уу BUG Z) W) 
-g (CV H)(XZ), W) 
TC g(H(T(X, Y) 2), М) -8(H(XH(Y, Z)), W) 
—g(H(Y.H(X,Z)), W) 

K(X YZW)--— K (X, Y, W, Z) 


3 2 з 3 
2'K(X.Y,Z 9) = 2'K(QG Ү,2. №) +в (Vy T)(XZ) W) 


3 3 3 3 
—8(CVx T) CY, 2), W)9-32( T (T(X У), 2), М) 


(Ш) 4 3 
K(X, Y,Z,W) = —K(X Y,W,Z) 
5 4 5 5 
ZK (X, Y, Z, W) = 2'K (X, Y,Z,W) + 8(( Vy T)(X: Z), №) 
5 5 5 5 

-BE(CVx T)CY,Z), W)-8g(T(T(X Y), 2), М) 
6 5 
'K(X,Y,Z, М) = — K(X, Y, W, Z) 
7 6 ДЕ: | 
2'K(X,Y,2, W) = 2'K (X; Y,Z; W) + 2((VyT)(%Z), W) 


7 1 7 17 
—gCCVxT)CY.Z),, №) dg (T(T(X, Y), 7), W) 


8 7 
'К(Х,Ү,2,%/) = —'K(X, Ү, №, 2) 
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9 8 9 9 А 
2'K(X,Y,Z W)—2'K(X, Y,Z, №) + g(CV4Q T)(X, Z2). №) 


^e, 


9 9 9 9 d 
—-8( VxT)(Y,Z) W) - 48 (T(T(, Y Z) W) 


10 11 
/'K(X,Y,ZW)e-'K(X,Y, W,Z) 
1 10 M o1 


2'K (X, Y, Z, W ) = 2'K (X,Y,Z, W)g((V4 T) 3,2) W) 


11 11 П il 
— 8((VxT)(Y,Z)W)—48(T (T(% Y) Z) №) 


12 | 11 
К(Х,Ү,7,ЖУ)=—'К(Х,Ү,%/,7.) 


Assuming that 


(33) 


1 o 2 o’ 4 6 9 11 
T(Y,Z)=T(Y,Z)=T(Y,Z)=T(Y,Z)=T(Y,Z) = T(Y,Z)=0 


and consequently, 


3 5 7 8 10 12 
Т(Ү,2) = T(Y,Z) S T(Y,Z) - T(Y.Z) = T(Y,2)  T(QY,Z2) = 


—2[Y,Z] 


from sequence ( III ) we find 


1 14-1 
(i) ‘K(X,Y,W,Z)+'K (X Y,Z №) =O for 1— 1,3, 5,7, 9, 11, 


+141 


14-1 1 1 
(i) 2 ('K (X; Y,Z W)—'K(X,Y,Z W)) = g((Vy T )(X%,Z), W) 


14-1 [+1 
—8((Vy T )(Ү,2), W) 


et 
— +8 (Т (T (X,Y) Z) W) 


for { = 2, 4, 6, 


1 I--1 l I 
(iii) 2(K OG; Y,Z W) – К (X,Y,Z, W) = 8((V4 T)OGZ) W) 
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I Il I l 
-8((VxT)(Y,Z) W) —4g (T(T(X,Y)}Z,W 


for | = 8, 10. 12. 
Writting 
3 578 1012 
t(Y¥,Z) =2[Y, 2 ], the common value of T, T, T, T, T, T and 
1 35. 7 10 2 5 8 12 
D=V+tV-V;D=V-V-V 
we find from sequence ( III ), that 


1 1 
(34) g((Dyt)(X,Z) №) -g(CDxt) (Y, Z2), М) —88(t(t(X; Y), W) 


2 2 
=g((Dyt)(X, W) Z) —g((Dy t)(Y, W,Z) —$g(t(t(X, Y) W), Z) 
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SOME RESULTS ON FIXED POINT THEOREM IN 
COMPACT METRIC SPACE. 


D. BANDYOPADHYAY 


§ 1: INTRODUCTION :— 


Let ( X, d ) metric space and T: X — X bean operator. Т іѕ said to be a contraction 
mapping if it satisfies 
1) d(Tx Ty) < 4 (х,у), ухуєХ, О << 1. 
and Т іѕ ѕаій to be a contractive mapping if it satisfies 
2) d(Tx Ту) xad(x. y vx yeX. 4=1. 
A contraction mapping is contractive but the converse is clearly not true. 
If ( X, d ) be a complete metric space and T : X — X satisfies ( 1 ) then by Banach’s fixed 


point theorem, T has a unique fixed point but if T : X — X satisfy ( 2) then T need not 
have a fixed point. 


Again if ( X, d ) is a compact matric space and T : X — X satisfies (2) then T has а 
unique fixed point. Moreover, it follows from this fact that on a compact metric space the 
notions contraction and of contractive mappings coincide. 


On compact metric space, many authors proved fixed point theorems using various 
contractive type of mappings. Ofthem, B. Fisher [3] proved the following theorem using 
contractive type mapping yielding a unique fixed point. 

THEOREM — A : ( Fisher ) 


If T isa continuous mapping of a compact metric sapce ( X, d ) into itself such that 
d(Tx Ty) c $[d(x Tx) + (у, Ty)] 
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for all x, y e X with xy, then T has a unique fixed point. 

S. K. Chatterjea [ 1 ] proved the following theorem involving G. Hardy and T. Rogers [4] 
type contractive mapping yielding a unique fixed point. 
THEOREM ; В : ( Chatterjea ) - 

If T isa ойша mapping of a compact metric space ( X, d ) into itself such that 


d(Tx, Ty) < a; d (x, y) +a; d ( x, Tx) + asd (y Ty) + a,d(x, Ту) + agd(y, Tx) 
5 

for all distinct x, y e X, a > Ф (1 = 1, 2, ..., 5 )апа Za, = l,then T has a unique fixed 
1 


point. 
In fact, the theorem of Fisher is a particular case of the theorem due to Chatterjea. 


In this paper we have tried to nrake extension of the results of Fisher and Chatteriea. 


§2: FIXED POINT THEOREMS :— 
In this section we have proved the following theorems. 
ТНЕОВЕМ-1 : 


Let (X,d) be a compact metric space and T,,T, be a pair of continuous self 
mappings defined on X for which there exists non-negative real numbers q, ( j=], 2,...,5) 


5 

with de Gem Тао ае СТ тауу sog COS y) d d On Psp е Cys Ty) 
j= 

-+ qa d (x, Ty) + qs d(y, Tx) for all distinct x, y e X, then T, and T, have a unique 


common fixed point in X. 


PROOF : We first define a function F: X +R, as follows: 


Е(Х\=40(х, T,x)y x eX. Clearly Е is continuous. 

Let F(z) = inf(F(x):xeX), which must exist since X is compact. 

Now, if possible, suppose that z = T,z and T,T,z # T,z. Then Е (T,T,z) = 
d(T, T,z T, T, Tiz) = (Т, T, Т, 2, Т, T,z) | 

<q, d ( T; T; z, Т2) + qa d ( T; Т, 2, T, T; Т2) + q; d(T 2, Ta Tz) 

+q,4(T, T,z, T Tz) +q; d ( T; 2, Ti Т Т, х) 
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=5(1— 9 — Ф) Е(Т T, Z) «(1—95,—3q,)d(T;zZ Ti Tiz) |» | — (1) 
Again, by symmetry, we have 
(1—94 — 9) F(T Tz) < (1-- 9 — 8) (7,2, T,T,z) «ee (ii) 


Adding (i) and (ii) we get 
{2—( ч, + 9 + da + 35) F(T, T; z) < {2—(9 4 9 + ds + 45) )d (Tz T, T; z) 
=> F(T,Tz)«d(TzzáT,T,z)  -.—eese. (I) 
Now, d ( Tiz, T, T, z) < qud (z, Tiz) + 94(2, Taz) + qad ( Tiz, Т, Tz) 
+ qad (z, T; Т2) + 4 d (Т2, T,z) 
=> (1—qs—qs) d (Tz, T, Т2) < (1—qa—qs ) F(z). 
By symmetry, we have 
( 1—q:—9; ) d ( Tiz, T, Tz < ( 1~q.—q,) F(z). 
Adding these two we get 
{2—( qa + 9 + da + 9) } (Т, T, TL 2) < (2—(05 + 9 + 9 + 45) } F (2) 
=> d(T,z T, TyZ) < F(z) .......... ee (П) 
From (I) and (П) we get F(T, Tz) < F(z) — which is a contradiction, 
Hence T, T,z = T,z and Tyz = 2. 


Therefore, T,z = z. 


Consequently, z is a common fixed point of T, and T, both. 

We shall now show the unicity of the fixed point z. 

Suppose that u ( Zz ) eX is another common fixed point of T, and Т,. 

Then, d (z, u ) = d(T,z, Tau) 
<q,4d(z,u)+q,d(z,T,z) + 9: (0, Tiu ) + qad (z, Tau) + 954 (u, Tz) 
= (a + da + 9) (20) = (1-9-9) 4 (20) 

=> (ds + 9з) 4 (2, 0) < O—a contradiction. 

So,d(z,u) = О -—»z-u. 
Consequently, z is the unique common fixed point of T, and Т,. 


This completes the proof of the theorem. 
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NOTE : 
I) If wetake T, = T, = T and д; = q, = q; = О and 
qo = dq = 4 then we get theorem-A. 


П) If we take T, = T, = T we get theorem-B. 


THEOREM -2: If T be a mapping of a compact metric space ( X, d) into itself such 


that for some fixed positive integer m, T" satisfies the inequality. 


d (Тех, T^y) < qd(x y) + id (x T^x) + qd (y, T? y) + q,d(x, T” y) 


+ 99 (y, T^ x ) 
5 
for all x, y eX, xy where q, > О with pus 9, = 1 and if T™is continuous then T 
1==1 
has a unique fixed point in X. 


PROOF : In view of Theorem-B, T has a unique fixed point z in X, Now, since Tz 


= 2, We have 


Tz —T( т; у= T» (Tz) = Tz > Tzisafixed point of T in X, but T” has a unique 
fixed point z in X. 
Hence, Tz — z. 


Therefore, z, being unique, is a unique fixed point of T in X. 


NOTE : 


We can show, by an example, that Theorem-2 is stronger than Theorem-B. 
EXAMPLE :- We take X=R and we define Т: Е — R as follows ;- 
Tx =0if 0<х< 
=} ф<х<1. 
So, Т?х=0,үухе[0,1]. 
Clearly, 0 is a unique fixed point of T? and also of T. 
It is easy to verify that the inequality of Theorem-2 is satisfied by T? for m=2 but not by T. 


Following is the more general theorem : 
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THEOREM-3 : If T, and T, be two mappings on a compact metric space ( X, d ) into itself 


such that’ for some positive integers r, s, T and TS satisfy the inequality 
/ 
d(T) x Ty) «qd(x y) -Gd(x T! x) c d(y Ту) + 


qa d( x, Ty у) +%4(у, Ty х) 
5 
for all x, y e X with x Æ у, where q, (і = 1, 2,...5) р 0, $3 а= 1, 
i=l 


then T, and T, have a unique common fixed point in X. 


PROOF : Let xe X be an arbitrary element. We now define a sequence ( x, ) С X as 


follows : 
XQ = Ti X, X = Т, Ху, X3 = T; Xo, ‚Хш mm T, ИЯ 
Xena => Ti X pg yt 


Since, X is compact and x,« X, yn > 1, we can always select a subsequence {x A } from the 
i 


sequence { x, ) such that Lim XQ = U for some ue X. 
i->% 1 


If possible, suppose that T, u 5 u. 
Then d (u, Tf u) <d( u x, ) + d (хо ‚ ES u) 


=d(u, Xn, ) Jd tq u, T? ТШ, 


<d(U, Xp, )+ 9 4 (о, хо] ) + 9% 4(0, Tn. u) 


S S 
+ ds d(Xo,. , ‚Т, Xon, —1) +4,d(u, T, хол 1) + dsd(Xo р To u) 


56 D. Bandyapadhyay 


=d ( u, X2, )+qd (wX 1) + d d (u T, u) +q d Con —1 Day 
94 d ( u, Xn, ) + qs d ( Xon,—-1? Түш). 
Now proceeding to the limit as i — oo, we have 


(1—q,—q5) d (и, T, u) < 0 —— which is a contradiction. 


Hence, we have P u = u 

Likewise, we can show that T? u = u 

We now show the unicity of the fixed point u. 

Suppose, now, that p( 4 u)«X is another common fixed point of n and Tus both. 

Then 

d(pu)= d(T! р, Т, u)«qd(pu) + (рТ р) +94 (P, Ts p) 

+94 (u, Тр) +94 (PT u) 

= (9 +4 + 9) (р, u) = (1 — 9 – 9) (р, о) 

=> (9 + q) (р, u ) < 0 —— which is a contradiction, and thereby yielding р = и. 

Consequently, u is а common fixed point of тү апа T in X. 

Now, since, T u= и, ме have Т, и = Т, ( Т 0 ` = Тү (T,u) – 

this implies that T, u is another fixed point of Ty in X, but т has only one fixed 

point u in X. 

Hence, this enables to conclude that Т, u = и. 


Similarly, we can show that T,u — u. 


If z is another common fixed point of T, and T, in X, then clearly it is a common fixed point 


of T,' and T,? in X also. This yields u — z. 
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Hence, u is the unique common fixed point of Т, and T, in X. 


This completes the proof of the theorem. 


$3: Let (X,d) be a metric space. Let T: X-— X be a mapping which is said to 
possess the property (A) if it satisfies 

d (Tx, Ty) < ad (x, Tx) + bd (y, Ty) + са (х,у) 

for all x,y e X, a,b,c > 0, a+b+c < 1. 


According to Kannan (1972) [5], an operator T: X — X issaid to have the 
property (B) on E C X iffor every closed subset F of E containing more than one 
element and is self mapped by T, there exists an x eF such that 
d(x, Tx) « sup d (y, Ty). 

yeF 

Kannan ( 1972 ) [5] studied this property (B) of an operator T in connection 

with the existence of fixed point. With the above notions, M. K. Chakraborty [2] 


proved the following 


THEOREM-C :- 

Let (Х,а) be a compact metric space and let T: X — X be a mapping having 
properties (A) and (B) over X. Let for any non-empty subset E of X which is 
mapped into itself by T, p,— p imply Тр, + р for any sequence (p,) С E. Then 
T has. a fixed point in X provided that b1. The fixed point is unique 
if с51. 


Let (Х,а) be a metric space. An operator T: X— X is said to satisfy Hardy 
and Regers [4] type of contraction if d ( Tx, Ty) <q, d(xy)-c q.d (x Tx) + 


йз d (y. Ty) + qa d (x, Ty) + 9 d(y, Tx) holds for all x, y eX where q, (i= 


5 
A, 2, 3, ee o. eque —— (i) 


i= 


We shall prove the following theorem in fixed point in compact metric space 
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5 
by weaken ng the condition (i) above, by allowing X q = 1 —-- (ii) which extends 


1— 


the theorem-C, 
We shall call (i) and (ii) together the property (ж). 


THEOREM :-1:Let ( X, d) be compact metric space and let T be a self. mapping defined 
on X satisfying the properties ( «) and ( B) over X. Then if T be such that for any 
non-empty subset E of X, mapped into itself by T, p,— p imply Tp, — p where 
{p} C E, then T has a fixed point in X. This fixed point will be unique provided 


that д9, > оог д > о. 


PROOF: We consider the space X(K) of all non-empty closed subsets K of X for 
which T: K — K. 


We now define a partial ordering in X(K ) by the following rule : 
Ky < к» КЭК, 


With this definition, the space X(K) will be a partially ordered set and 
hence by Kuratowski-Zorn lemma, there must exists a minimal element in X(K) 


which will be non-empty closed and invariant under T. Let it be denoted by K. 


We now propose to show that K contains only one element. 


If possible, suppose, K consists of more than one element. Then by the 


КИАНУ (1) 

Now consider the set К, = (xeK: d (x, Tx) < r} Then by(1), K, is 

a non-empty proper subset of K. We shall first show that T: K, — K,. Take any 
x e K} 


Now, d (Tx, T? х) = d (Tx, TTx) < qı d(x, Tx ) + qad (x, Tx) + qd ( Tx, TTx ) 
+ q4 d ( x, TTx ) -+ q; d ( Tx, Tx) 
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=> ( 1—q,—q, ) d ( Tx, x) S1 1—9: -95) d (x, TX). een (2) 

By symmetry, we can write 

(1—q.—qs ) d ( Tx, Tx) &(1—94,—q,) d (x, TX). seereeres evens (3) 

Adding (2) and (3) and cancelling the non-negative constant terms form both 
sides, we get 

d(Tx, Tx) < d(x, Tx} <r> TxeK, 

" This shows that K, is ЕЕ into itself by T. 


We shall now show. that К, is closed. 


Choose any sequence { s, ) C К, such that s, > s des —- oo Where s є К. 
Hence by assumsion, Ts, — s. 
Now, d (s, Ts) < d( s, Ts, ) + d ( Tsa Ts) 
< d (s, Tsa) + qi d (Sn S) ge -d(s, Ts) + qa d (s, Ts) 
+ qa d ( Sm Ts) + q; d(s, Ts, ) 


<(1+45)d(s, Ts) + qid (Su S) + qer + 94 (5, Ts) + 
qa d ( Sa Ts . 


Now passing to the limit as n —> œ we have after rearrangement 


(1—9:—9,)4(5, Ts) < 97, о... (4) 


In а similar way we can write by interchanging the roles of s, and s, 


(1—9,—9;) d (s,Ts) < qaf- ЖАЙЛА (5) 
Adling these two we get 


(2—(a:4-35--d4--43)) d (S,Ts) < (9,4-9) г 


-»d(sTs «(0800 rer, s e K,. 
noe {2—(9:+9з-998)}) — = i 
Hence K, is closed. 
Thus K, is a non-empty closed proper subset of K with Т: К, — К, and so К, e X(K). 


This contradicts the minimality of K in X (K). Hence K contains only one point, which is a 


fixed point of T in X. 
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Now suppose that u e K is this fixed point of T. 

Let v (z£u) є К be another fixed point of T. Then 

d(u.v) = d(Tu,Tv)-Z quid (u,v) + qed (u,Tu) + qad (v,Tv) + q4d (u, Tv) + qd (v f. 
<. (1—q2~qs) d (u,v), 

=> (qo+q) d (u,v) < 0 = d (u,v) = 0as ф > Q or q, > Q, 


=> =V, 


Consequently, T has a unique fixed point in X, 


This completes the proof of the theorem. 


NOTE: Itis to be noted here that if we put q4z-0,q; = 0, qa=a,q;=b and q=¢ then the 
theorem-C follows at once, 


ACKNOWLEDGEMENT : 


The author is very much grateful to Dr. D. K. Ganguly of Department of Pure Mathe- 
matics, University of Calcutta for his kind help in the preparation of this paper and also the 


author is very much thankfull to the referee for his valuable suggestion in enriching this paper. 


REFERENCES: 


1) Chatterjea, S. К. : “Some Contraction Mappings”, 
Anal. Stintifice. ale Universite «Al I Cuze’ din Iasi 
Tom XXV, S. Ia 1979, f.2, pp. 283-286. 


2) Chakraborty, M. K.: “Some Results on Fixed Point of Operators" 
Indian J. Pure Appl. Math., Vol. 6, No. 7 (1975), pp. 809-813. 


3) Fisher, B. : “A Fixed Point Mapping", 
Bull. Cal. Math. Soc., 68(1975), pp. 265-266. 


Some Results on fixed point Theorem ia Compact Metric Space 61 


4) Hardy, G. E. & 
Rogers, T. D. : “A Generalisation of a Fixed Point Theorem of Reich", 
Canad. Math. Bull, Vol. 16(2), 1973, pp. 201-206. 


5) Kannan, R. : “Some Results on Fixed Points-IV", Fundamenta 
Mathematicae LXXIV (1972), pp.181-187. 


Received 


Department of Pure Mathematics, 
13.9.1988 


University of Calcutta, 
35, Ballygunge Circular Road, 
Calcutta-700 019. 


Jour, Pure Math 
Vol 6 (1987—88) PP 63—73 


ON SOME CLASSES OF STARLIKE AND CONVEX FUNCTIONS 


S. K. Chatterjea and Abir Kumar Adhikary 


1. introduction : Let S denote the class of functions of the form 
oo 
(11) f(z)—-z-4 X az, 
n=2 
which are anatytic and univalent for | z | < 1. Then a necessary and sufficient condition 
for the function w = f (z)tomap |2| < 1 onto a star-shaped domain (i. e. f 
is starlike ) is that 


(1.2) Re оь [2] < 1, 


which implies that | a, | < n; n = 2,3,... Since the function z / (1—2)? = z+ 22? 
+ 323 4 ...+nz + .. maps |z|< 1 onto a star-shaped domain, the inequalities 
| aa | < nare sharp. We denote by S* the class of analytic, univalent and starlike 
functions in the unit disk. 

On the other hand, a necessary and sufficient condition for the function w =f (z) 


to map |z| « 1 onto a convex domain is that 


(13) Re са љо, |2| < 1, 


which implies that w = f(z) maps |2 | < 1 onto a.convex domain if and only if z f(z) 
maps |z| < lontoa star-shaped domain and furthermore | a, | < 1, n = 2, 3, ..., 
Since the function z / (1—z) = z + z? +- z? + ... maps |2| < 1 onto the half-plane 
Re {w}> — 4, the inequalities | a, | < | are sharp. 

In the case of a convex function, the  — theorem of Bieberbach for analytic and 


univalent function w = f (2) can be improved as follows : 
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If the function w = f (z) maps | 2| < lonto a convex domain D, then D contains 
the disk |м | < 1. 


We denote by K the class of analytic, univalent and convex functions in the unit disk. 


If we now consider a number < (ox < < 1) апі denote by s% the class of those 


functions f (2) є S* such that 
(14) Re >а, 121 < 1, 
Шел? (2) є s. is said to be starlike of order «. 


A subclass St] of s consisting of those f (z) for which 


EZ 


f (z) 
was considered by C. P. Mc Carty [ 1 ]. 


< l-a, Izi«1, 





(1.5) 





We can similarly define the class K« of analytic, univalent and convex functions 
of order «. 


Let us now denote by S (n) the class of functions. 
(1.6) (2) = 2 4+ ў а, 25, (n> 1), 


Къа + 1 
that are analytic and univalent in the unit disk |z} < 1. Then f is said to be 


| | * Р f'(z) i 
starlike of order « (osx; « < 1), denoted by feS, (n) if Re 4z ff >% 
(121< 1). 


A Subclass sr E @ of s; (n) consists of those functions f (z) for which 


Р (z) 
f (z) 





(1.7) 


2 





ases [2] « 1. 


Similarly f, defined by (1.6), is said to be convex of order « (о € « « 1), denoted 
by f e Ka (n) if 


21" (z) 
(1 8) Reds AE) >a 121 <i. 
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One can similarly define Kray (n ). 


Let T be the subclass of functions, defined by (16), consisting of functions 


expressible of the form 


(19) f@=2—-2 |a | 2, прі, 
k=n-+1 


then T. (n) and C. (n) are defined respectively as the  subclasses of T that are 
starlike of order « and convex of order «. One can similarly define Tha] (n) and 
C [«] (n) It may be noted that class s (1) is same as s . Recently M.S. Kasy 
[2] has considered the class S. (2) where a, = c is fixed and |c| <1. Also Н. 
Silverman [ 3] has considered the class s (1) and а subclass T. (1) of 5 (1) where 
fe T (1) is expressed in the form 

со 

(110 f @ = 2—2 |а, | 2. 

п=2 

In а recent paper [ 4] the first author has considered some properties of the classes 


S ( n), PE (n) and T. (n) Since the classes s* (1) and 1T ( 1) are 
special cases of the classes s* (п) and TE (n) respectively, it is not appropriate 
[ 5] to derive any conclusion for S (n) or T (n) from that for s* (1) or 
Te (1) respectively by setting а, = а, ... = а, = o, because n is not fixed, but 
on the other hand n is a positive integral variable in the definition of s* (n) or 


T? (n). Furthermore any property like representation formula, distortion 
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theorem, etc. of s (1) or s (1) comes out as a special case from that of S. (n) or 


T : (n) respectively. 


In the present paper we shall discuss some properties of the above classes of starlike and 


convex functions. 


2. Some properties of the classes s% and K; 


Let fe s* j Then we have 


zf 
Re I2] >a |72] <1 
f 
zt 
or, Re БЕЗЕ 
f 


Now by virtue of the relation (33) of [ 6, P. 169 ] we obtain 


j—r zf' 


ir 
2) WHFS |4- $ 


x 
c J—T 





,Iz|2r«l 





In particular, when « — o we obtain from (21) 


J—r | f | 
(2.2) тту <)>) Si: [2] =т< 1, 


wh'ch is a well-known [ 7, P 5 ] distortion theorem for univalent function f. 





Furthermore (2 1) implies that 


Q3 ELT pe +r 














1—г l-r 
and 

1—r z |. zf' 1--r 
(2.4) « Tu Re |= | ; Re | i \ «——[үт 
Since Re i = | > <, we have from (2.3) and (2.4) 








l—r 


lef zf' l+r 
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In other words, we have 
(2.6) "E pd <— log | f(z) RN TN Eo 
` T l+r|™ er Sy "odq-r[] 


А 2f \ 9 
since Re ( F )-: or log | f(z]. 








Integrating (2 6) from г; to r} where o < г, < ra < 1, we deduce 
г, +1 ntti js ei? „К! n «rl 
) 


Qr [ (CES C Ign ej Oo, 0)? 


(2.7) 


Making x = oandr,—- oin (2.7) we deduce a well-known [7] distortion theorem for 


univalent function f with r — r,, viz. 





28) gsl Ol <S 


It therefore follows from (2.2) and (2.8) that 


l—r ie [+r 
(2.9) ES SEE NIS Gasper 


which is also well-known [ 7 ] for univalent function f. 
Next let fe Ke. Then we have 








Ве{1 + 2 } > є [21<1 
zf” 
or Re { P t(1—«))» о. 


By virtue of the same relation (33) of [ 6, p. 169 ] we obtain 





А 1—т zT 14r 
Q0 түт <$ BE~ +(1—<) x te, [zfar<h 








Now (2.10) implies that 











Q1) («-1)-433 < Re en zc ues Т! 


т 


апа 
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zi z”. 2 id ier 
(2.12) (« —1 PIE gie p pne P6 <(«-1)- iF 
Since Re c +} > «, we have from (2 11 ) and , 2.12 ) 


15 zf” ] 
Q13) (x-1) + туу « Re ES < («—1) + 1:5 


In other words, we have 


l+r 





(2.14) He 4 zl < -$— log if | <H e-n HE 








: zf | E ? | 
since Re f p or log | f’(z)!. 


Integrating (2.14) from o to г, we obtain 











pom r 
(2.15) ——;,- «1f (01 € = 
(+r) (1—1) 
2. T x, « 
Now |f(z | = | f(Gdz | <| jf@ld< : 
w | JE Јева f. dc 


To obtain a lower bound for | f(r #0) |, ме assume without апу loss of generality, that 
f( rel? ) = Re ig, where R < 4, since otherwise there is nothing to prove It then follows 
that the straight line segment A from o to Rel? lies entirely in the image of | z | < 1 


byf(z) Hence A corresponds to a path L in |z | — 1, which joins z = o to rel 


we have 
R= f, 191 Ce adi» f ghia 
À | L dz a o (ї+г)* 8 


Hence we have 


r oW NOE Page 
(2.16) f zs dr < ifl «f. dcr 
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Thus 
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In particular, when « — o, we obtain from (2.15) and (2.16) 


1 | 1 
(2.17) (ту < | f (z) | S1 rye 


and 


r r 
(2.18) iir S | f(z) | Sir 


which are well-known [ 6, pe 225] more improved distortion theorems of convex univalent 
function f than the distortion theorems of univalent function f (or of starlike univalent 
function f by virtue of (2.8) and (2.9) ). 


* 
Since we know that K,= 54, we have (2.17) and (2.18) for any f e S: , which are well- 
2 
known results of Zhuo—ren Wu [8]. 


Again fe К, <=> z f' є SŽ ‚ so that (2.17) follows at once from (2.8). 


Similarly f є RK Z f'e s* , 50 that (2.14) follows at once from (2.6) and consequen- 


tly (2.15) and (2.16) can be rediscovered. 


3. Some properties of the classes 5г п) апа Kra] (n) 


It may be noted that Ming—Po Chen [9] considered the class A of functions expressible 


of the form : 


G1) fa =z ES a, 2 пр 1, 
HI 


satisfying the condition 


| zf (z) 
(3.2) | fa 


fora given «, о < « x l, for |z; < 1. He remarked that every function of the 





—I | < 
| 


above class Ev. a starlike function ( of order zero), because in the introdnction he 


only introdnced starlike functions defined by the necessary and sufficient condition 
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Re | сы | > ofor |2 | < 1, but actually every function є X must be a starlike 


function of order ( 1—« ). He derived the following properties for the class Sf. 


Property 1 ( Representation theorem ) 


f (2) є SA if and only if 


(3 3) ra= zo i 1g ay di ) 
o 


where ф (z) is analytic and satisfies the condition 
I| € o< al, for \2| « I. 


Property 2 (Distortion theorems ) 


For all f (z) є Á the following properties hold : 


(3.4) |2 | ехр{ «(|2 1%) }< If(ais&iziexptia(iz]19A] 
and 
(3.5) (1—-«|z|?)exp(-«(iz| 95) € | (Ж | &(Clo«izli?)exp(«(I zl?) 


Now for the class Sia] (n), we are to change «< to (1—«)in the discussion of Ming-Po 
Chen, so that « є [0, 1) and we obtain 


Property 1' f(z) є St „ (n) if and only if 
[«] 


(3.00 f(z) = zexp HE t1 4 (t) «| 
о 


where ф (2) is analytic and satisfies the condition 
1¢(Z)| <l- «e[o, 1) 121 <1. 


Property 2' If f(z)e sre (n), then 


(3.7) 121 ехр{(«-1)(1219 «If (oi &Iziexp((1—«) (|21), } 
and 

(3.8) (14+ (¢a—1)1z[*)exp ((«—1)(C12]94) « 1f' (2)| 

€ (14+ (1I-)]zi?)expt(l—-a)(1z19/4)- 
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The proof of Property 2’ can be shortened ( unlike Ming-Po Chen ) as follows ; 
| (2 n— | 

Since | f gl ф (t) dt | 
170 | 


z| 
гү peppy dati 


о 
Z 
“| би! (аура (1—<) 121 Ya 
о 


(3.7) follows by virtue of Property 1' 


Again (3.8) follows by applying the triangle inequality to f(z) :- (142^ $ (2) f (z) [2 
and by ( 3. 7 ). 


We now remark that our representation for feS rey) yields the following representation 


of Mc Carty for S , * (1) as a particular case 


[«] 


Z 
G3 feSp (D =2ехр Cfo (ty dt}, 


where ф (z) is analytic for |z| < 1 and | ¢(z) | <l—« for |21 < 1 and « є [о, 1), 


* 
which dearly shows that it is not possible to derive the representation of St PS (n) from that 


* 
of Sta] (1). 
Again our distortion theorems for f « Sf x] (n) yields the following distortion theorems of 
Mc Carty for st «) (1) as a particular case : 


If fie S «10» then 


( 3.10) iz|e C7 D zl &ifcz)ieizjeCl-*)lzl 
and 


(311) (1+ («—1)|]zi)e DIZ] gir (9I 


« 
<(1+(1l-«){z! je exa 
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which again reveals the fact that it is not possible to derive distortion theorems 


S (n) from those of S (1). 


Next we notice that f є Ky «] (п) ==> z f' є e Sf А (п), 


so that we obtain from Property 1’ and Property 2’ the following properties : 


Property 3 #(2) є Kd (n) if and only i? 


(3.12) оер [ зеш}, 


where ф (z) is analytic and satisfies the condition 
ngel- xelo E) |2] <1 
Property 4 Iff(z)e MP (n) then 


(3.13) exp((«—1)(1zi943 SIF (21 sexp((l-«)(1z19) } 


4. Some properties of the classvs Т, (n) and C. (n) 


Let f« T. (n. Then from the result of [ 5, p 117 ) we have the following distortion. 


l= І 1 
(41) а (а) теа «ine (atr JT AT 


Now we notice that f e С (nj <=> Zf e т (n), so that we at once obtain from ( 4.1 ) 


(4.2) I~ (air ju <if'@i< 1+ (C ji 


which is ( 2.12 ) in the work [ >, p. 119]. 
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of 


The above method of deriving ( 4.2) indicates that (212; of [ 5, p 119] need not be 


derived independently and moreover Lemma 2 of the first author of the present paper, 


wh'ch is utilized in deriving ( 2.12) of [ 5, p.119 J], follows immediately from Lemma 1 of 


the first author of the present paper by using the fact f є Cc (п) &» Zf e Tt (m, which was 


already pointed out by the first author of the present paper in [ 4 ]. 
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ON SOME CLASSES ОЕ UNIVALENT FUNCTIONS 
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ABIR KUMAR ADHIKARY & S. K. CHATTERJEA 


1. G.S. Salagean [4] defined the classes S, («) of univalent and normalized functions f in the 


unit disc U={zeC ; |2 | «1j by 


ntl 
S. («)— fr : Re р IO) na: zu} 





D^fz) 


where n e N,=N U (0) and « e [o, 1), 

by means of the following differential operators : 

D^f(z)—f(z), D'f(z)yz Df(z) —zf'(z), D'f(z) - D(D»1f(z, ). 

It may be of interest to observe that his S, («) is the well known class s* of starlike functions 


of order « and his S,() is the well known class K« of convex functions of order х. Further- 
more S,(«) C S,(«) by virtue of his result S, +(x) C S,(«). Now for Salagean classes S,(«) 
one can deduce that (cf. [1]) 








1—т Daf(z) 1--r 
(1.1) Syrum Daf S NETTE 9 tz =г<1. 


) D*"f(z)  D(D"fz) z(Dsf) 
ance Duo) DW = DW ' 


D2f(z) )' 
Re EO J=? log | D^f(z) | . 


It therefore follows from (1.1) that 
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І 
(1.2] Tem )« -~ be Drol E +) 


In particular, when г=0, one obtains from (1.2) 











er 


which was obtained by us in a previous work [1]. 


1 — М 
(1,3) (ер \< д Іор | f (ùI < 


Again, when п==1, one obtains from (1.2) 


аз — «nene enin ois «oe 


Integrating (1.4) from o to r, one obtains 


r* 


oC 
(1.5) "dig «1f «qug X 


from which one can derive 
r r* d f r r* 
(1.6) | дїр r<{f@| <| ar dr, 


which was also obtained by us in the previous work [1]. 

Since Salagean remarked that all functions in S,(«), ne №, «e[0, 1) are starlike and all 
functions in S,(«), п e N, «e[0,1) are convex, we can remark that the same distortion 
theorem (1 2) is true for starlike functions and convex functions according as n e N, and 
neN. It is evident that f eS, «), ne N = z f’ e S (x), n e No. 

Next we shall show that the co-efficient result in connection with S,(«) in theorem 4 of 


Salagean follows at once from that in connection with s* due to H. Silverman and E. M. 


Silvia [4]. In fact, we notice that 





S9 ={ f: Re >к, zeu} 


where ф (z)zzD" f (2). 
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Now f(z)=z+ Ў a, zi and therefore 
j=2 


$ (z) = Df) =2+ 2P ajZeS*,n e Ny 
J= 


Let us put 6 —z4- bi b, 21, where b,—j'a and b,=2"a, (| a,| =a). Then from the 
j=2 


coefficient result of Silverman and Silvia we get 
j 
П (k—2«) 


1+|5] k=2 
|b | <7 3—2« — (10! 





‚ j=3, dun 


} 
II (k—2«) 
14- 22а k=2 
ie [a|«3-2« 0-01) 
which is the coefficient result derived by Salagean who offered a proof in about two pages. 


In fact, putting n=o and n—1 successively in the above coefficient result of Silverman and 
Silvia for S* (4) and K. respectively. 


2. S Ruscheweyh [3] defined another classes K, of univalent and normalized function f in 
the unit dise U-(ze C ; | z | <1} by 


$^ f(z) 

K,= fr: Re ALON >44, ze U | , 
where n є N,—N U (o) and $^ f =z (zz ge» [nk 

It may be of interest to observe that his K, is the well known class 51* of starlike functions 
of order & and his K, is the well known class K of convex functions of order zero. 


Thus K,z: KC K, is a special case of the following result of Ruscheweyh 
Ј 


Karı C K,n«N, 


Now for Ruscheweyh classes;K, опе can deduce that (cf. [1]) 
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n+l 





l—r 9 f 1 14-т 
2.1 —— © I == 
(2.1) ртг ЄК aap tee dex 


Since we know that [2] 











Re Of X 1 0 n 
e ЕТ TH) auicm log | Df | ; 


It therefore follows from (2.1) that 








1—т 1 8 А 14-т 
(2.2) ia ee (= ar log | D7 f] jer Тт 


In particular, when n=o, obtains from (2.2) 


] 
(2.3) (oae ¢ 2 log | f(@) | «(e 25). 


which is a particular case of our previous result [1]. 


Again, when n=1, one obtains from (2.2) 


1 9 Ў 1 Lir 
(2.4) + (- ied). о log 10010 b+ ix) 


Integrating (2 4) from o to r one obrains 





VT , Мт 
(2.5) d+? <|f@\< "ü—5? 


from which one can derive 


T 
eo f uy Mlle " 


i. е. tan - tyr < | z) < 
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It may be noted that (2.5) and (2.6) are well compared with the following known results for 
convex functions of order zero 


1 ; 1 - 
(2.7) ug & 1101 магур 





Q8 1510915 h 





Like $1 we can remark that allfunctions in K,, п є Ne, are starlike of order } and all 
functions in K,, n e N, are convex of order zero and therefore the same distortion theorem 


(2.2) is true for starlike functions of order 4 and convex functions of order zero according 
asne №, and n eN. 


Finally we shall point out the geometrical structure of the elements in K,.  Tothis end, 
we notice that 


LIBYE 1 209"), 
К, = (f: Ке ЕЕ ЕБЕТ 





А | rp. p, Zð Zz) 1—п 
i. e. Ka = (f: Re $ (2) >= ZU} 


where Ф =" f. 


Now f(z) = z + 3 a, Z! and therefore 
ј=2 


Ф(2) = 9" F(z) = [z(1—z) 1| « f(z) 


со * 
= Bo (й+1),{ ieS N,, 
Geir э ШЫ 


although 5(1—п)/2 is not known in the literature except for n ~ o and n = 1. Indeed, 


when n—o. Ф = f e S] and when n=], Ф eS% orin other words fe K. Yet Ruscheweyh 
defined the class K , as the set of functions f with Re f(z)/z > à, 2 e U. Actually when 


* 
n= — 1, $«8,*, which is also not known in the literature. So the notation S (n—1J/, is 
Lon 2 
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not unnatural in the geometric function theory— which furnishes an open problem in this 
paper. When n is replaced by an arbitrary real number « > —1, it may be of interest to 


observe that Ф (z)=9 * f(z) « 5( 1-2" 


REFERENCES 


[1] Chatterjea, S. K. and Adhikary Abir Kumar— On some classes of starlike and convex 
functions, this Journal vol 6 ( 1987-88 ), 63. 


[2] Fukui, S. and Sakaguchi, K.— An extension of a theorem of S. Ruscheweyh, Bull. Fac. 
Edu. Wakayama Univ. Nat. Sci. 29 (1980), 1— 


[3] Ruscheweyh, Stephen — New criteria for univalent functions, Proc. Amer. Math. Soc. 
49 (1975); 109 — 115 


[4] Salagean, Grigore Stefan—Subclasses of univalent functions, Lecture Notes in Math. 
1013 ( Springer— Verlag ( 1983) ), 362--372. 


Dept. of Pure Mathematics 
Received Calcutta University 


30 12.1988 Calcutta-700 019, India 


Jour, Pure Math 
Vol 6 (1987—88) PP 81—8? 


SINGULARITIES OF LIFE 
S. K. CHATTERJEA 


Life is a function of environment and incidents rather than a positive ard independent 
existence Although V.A. Kcstitzin [1] pointed out the stabilizing effect of living matter with 
respect to sudden variations in the composition of the atmosphere, yet we like to point out 
that there are certain states of environment and incidents which retard the smoothness of life, 
rather the growth | dm/dt) of life, and these we term as singularities of life and so we may 
observe that life function f (2) is not analytic ( сЁ. Life is not a bed of roses) and this has 
resulted for it in a very special form ofthe struggle for existence. Each living organism is 
usually represented by a point in a multidimensional space which symbolically represents 
many vital factors and here we are considering only singularities of life and for this reason we 
like to represent life simply as f (z), which is not a Taylor—expansible function. Indeed, 
singularities z, are essential in life for combustion process. Like the flame life tries to consume 
singularities апа then it may grow or may not grow. So, although singularities prevent the 
growth of life and the smooth movement of life for the time being, yet they help life in the 
struggle for existence and survival of the fittest, just like the fire which sends out sparks, of 
which a few die, but many, falling upon favourable situation, flare up as a second generation. 
The singularities which life consumes and then grows, may be termed as polar, whereas the 
singularities which life fails to consume wholly and then does not grow, may be termed as 
essential So an essential singularity of life causes death. Symbolicaliy we may write as 
follows: 


— (recovery from Singularities ) 
| Life affected luct 


by Singularities b SL ( death ) 


Now death has also a great singificance in life function—it teaches us how to control 


these types of essential singularities in future through new discoveries. So death can be 
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compared with the policy of resignation or sacrifice, From historical precedent we observe 
that Geometers have had to resign themselves to the fact that Euclid's parallel axiom cannot 
be proved and as a reward of this sacrifice came the new geometries of Bolyai, Lobatchewski 


and Riemann. 


A model in this connection will be considered.in a forthcoming publication. 
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QUASI INNER PRODUCT FOR SOME BILINEAR 
GENERATING FUNCTIONS OF : 
LEGENDRE POLYNOMIALS 


S. K. CHATTERJEA 


polynomials. 


We recall the method of quasi inner product, introduced by L.R. Bragg [1], which is 
very convenient for developing results for some bilinear generating functions of Legendre 


First we observe that 


() Ў P 9e = (1-204 e) 
n=0 


= f(x, Ё) 
and 


Q) D 


оо $ 
20 Р, (у) € =(1-2ty+t?) = Ё( у, Е), 
П = 


where |t|« 1. 
Then by Bragg's method we have 


f(x t)of(yt) 


т Е › 
= P(x) Р. (у) ® 
n=0 
1 27 
= . P —i 
2m 0 ( 1—2xte? J-t?e 20) 


( 1—2yte — іб + ёе 
(3) 


eres | 
— 210 ) Sn 
1 i 
= — " [ 1 + tt + 40ху + 2t? cos20 — 2t ( 1--t?) (x+y ) cos@ 
2т 


| MA 

— 2it (1 — t? ) (x -- y ) sind] dð, 
which may be compared with the results of Legendre [ 2], Watson [5 ] Maximon [4] 
and Carlitz [ 5 ] for the generating series 
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(5) 


(6) 


(8) 
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oo 
Z Р, (х)Р, (у). 
n=0 


In particular, we have from ( 3 ) on using y=x 


со 2 
2 [Pr (x)] t" 
nz 


1 ү 2m 

== -| [ 1 + t* + 4t®x? +. 2t? cos20 — 4xt( 1 + t?) cos6] -i d6, 

2т 0 

which is a special case of Bragg's result [ 1, formula ( 4.7 ) |]. 

Again using y—1 in (3) and comparing it with (1) we get the following integral evaluation 


1 2т 5 E | А 
| —10 210 ) de 


— (1-— te ) (1— 2xteÓ + te 
0 


= (1—28x 4 tt) 7b 


which includes the result (when x21) : 


| an 49 27 


о 1—2t cos 40 1-0" 
which also follows from ( 4 ) on using х= 1. 


Again if we observe that 


2 (п+ 4) Р, (х) е -3(1—8)(1—2m4 8) - 
no 

and 

$ p(yjte2(1-2y +e) 7%, 

п=0 


where | t < 1, 


then by Bragg's method we have 


oo 
a j (n+) P, (x) P, (y) €? 


dé 





2«) 0 2 [(1 — 2txe 9 4 te 29) (1 — уе ið pe —20 у 


Quasi inner Product for some Bilinear Generating Functions of Legendre Polynomials 


1 „2m 1—t*—2it? sin20-1-2135y (cos6-I-sinü) — 2ty (cos — i sin) dé 


ga” 0 2[1—2 (xel4 +ye i6) -+ 22 cos28 — 2t* ( xe i? + yel? ) 
3 
+4Pxy+tt ] P 


which may be compared with the result of Watson [3]. 


In particular, we have from (9) on using y=x 


(10) 7 p (P PHG) t 


1 2m (l-t) (1--t? — 2txcos6) dé 





22^ 0 2 (1412 — 2tx cosð 5 — 4t? (1 — x?)sint È 
Again using y— 1 in (9) and comparing it with (7) we obtain 


п — e? ) ag 


(1 —te i? y (1 — 2txel? 4 2,210) 


(11) f 


що 


=(1—t) (1-х) ^ , 


which includes the result (when х= 1) 





a2 f^ E = жа+® 
0 (1—2 соѕ04-1 у a=? 


which also follows from (10) on using x=1, by virtue of the fact 





$ ( n+) {22 == i (1+?) . 
n=0 (1—6)? 
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GENERAL FIXED POINT PRINCIPLE 


ASIT KUMAR SARKAR 


The general fixed point principle is based on the following two simple conditions : 


(H1) : The operator T : G — X is compact on the closure of G, wherc G is a non-empty 
open bounded subset of the real Banach space X 
and 
(H2) : The image set T ( 9G ) contains no points of exterior rays і.е., there is an elmeent 
x, є G such that 
T (x) Æ X, + B (X — x, ) forall x e 3G and £ > 1. 
In 1986, E. Zeidler [1] has proved the following theorem by the application of fixed 
point index : 
THEO EM:1: ( Zeidler[1]): If( H1) and (H2) be satisfied, then T has a fixed 
point in G. 
The importance of the condition ( H2 ) lies in the fact that either of the following well- 
known conditions implies ( H2) : 


(a) Rothe condition: The set G is convex and T (9G C G. 

(b) Leray-Schauder condition: 0 є С and tTx +Æ x for all (x,t) 3G x (0,1). 

(c) Altman condition: There is an x, є С such that 

П Tx—x (|? > || Ta—x, || *— |] x—x, l|? for all x e 9G. 

REMARK: Let (H1) be given The condition ( H2) will be satisfied and thus T will have 
a fixed point in G if the followiag condition is satisfied : 
(H3) Let 0 « G and q x — T (x) > 1 T(x) i| for all x є 9G. 

The object of this paper is to prove the following fixed point theorem by using the 
conditions (H1) and (H3) : 
THEOREM :2 If (H1) and (НЗ) be satisfied, then T will have a fixed point in G. 
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Proof of Theorem : 2 We shall merely show that the condition ( H2 ) will be satisfied if НЗ ) 
holds. 
Indeed, we take x, = 0 є G, then ( H2 ) becomes T(x) # fx for all x e 9G and f > 1. 
If possible let, T(x) = fx with x e дб and f is a real number. 
Then from ( H3 ) we get 
| x—-T(x) || > | T(x)u forall xe gG 
> пх Ах || > tl Bx il 
=> хх 1° > I Axil? 
> (1-8) 1x? > В ixi? 
> (1-8y»FP 
=> B < $, which contradicts (H2 ). 
Hence T(x) Æ £x for alix e9G and 8 > lie, we can say that (H2) will be satisfied if 
( H3 ) holds and consequently T will have a fixed point in G. 
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A NOTE ON BURCHNALL’S OPERATIONAL FORMULA 
FOR HERMITE POLYNOMIALS 


5. P. CHAKRABARTY 


In 1941 J. L. Burchnall [1] obtained the following remarkable operational formula for the 
Hermite polynomials 


n 
(1) (2x-D ) "y =) T (7) Hy_,() D y. 


Later, in 1967, R. M. Wilcox [2] obtained the following general operational formula 


] n—2s 


(2) pag e s E (3c)5. шок p*—25-K c5 ac (nos Kk na 
=O 


s=0 
where the commutator of operators P and Q denoted by [ P, Q ] satisfies 
[ P, О ] = PQ — ОР = сї, c being a number and I the unit operator. 


Now if we use P = — D, and Q = 2x then[ P,Q] = — 2I and therefore by (2) 
we have 
(3) Qx-D)" у= 
[n/2]n—2s g = " 
X E (=) n!(s!m! (n—2s—m)!)] (2x) (р) з-у, 


s=0 m-o 


Now we shall show the equivalence of the results ( 1) and ( 3). Indeed if we use the series 
manipulations viz. , 
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n [ m/2] [n/2] п—2 
(4) 2 E am b, = 2 а узв b, 
m-o 5—0 50 m=0 А 
we get from (3) 
T n [m/2] ü —1 | 
(2:8-D) y= Z 2 (-!) e (a) (—1%т!{(т—25)!5!} (2195795 Dammy 
m=0 5=0 
S n 
= £(-1)""( a) Ha(x) Dey 
Inzzo 
n S" 
= Х (1) (1) Ha. (x) Dry (usingn—m = г), 
IO 


which is exactly Burchnall's formula (1). 


Next we consider the formula 


min (m, n ( —2 y 


GIC) mier. 9 eo a ie 


Ны (х) Н; (х). 
Although Burchnall proved the formula (5) from (1), we like to prove (5) directly by employing 
Wilcox formula (2). In fact we notice that Нш (x)= (2х-р у Ha (x) 
[n/2] n—2s —1 
= È E (—lyn!(s!k!(n2sek)!) (2x)*(—D)7*-*H, (x) 


$—0O kzo 


[n/2] n—2s d 
2t» А 2 п! 22725 ( —] ) 2727k ( Pree ee )x*Ha asu(X), >m. 
s=0 = — 


ie. 


Again if we use the series manipulation ( 4 ) we obtain 


n [ k/2 ] 2n7*s( — Detsck m к-25 
Наы(Х)=п ! a 2 s!(k—2s) ! (лк) х Hm.-n4k (x) 
k=o s=0 


n 
=n! = Papah) (—2) 7 m H (х). 
ko ` n—k 


A Note on Burchnall's Operational Formula for Hermite Polynomials 9] 
Now using n—k = г we get 
n m, ,n ; 
H mya (X) = РА (—2)' C) C) Bs. (x) Н,.., (х) when n < m 
r=0 


which implies (5). 


I am indebted to Prof. S. K. Chatterjea of Calcutta University, Department of Pure 


Mathematics for his kind help in the preparation of this work. 
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ON WEAK BLIDEAL OF A SEMIGROUP 


М. К. SEN and Т.К. DUTTA 


Let S be a semigroup. A nonempty subset A of S is said to be a weak bi-ideal 
of S (written in short w. bi-ideal) if aSa G A, \уаєА. In $1 of this paper we have 
studied some properties of w. bi-ideal of а semigroup. In- $ 2 ѕоте characterizations of 
normal semigroup, regular semigroup, left regular semigroup and right regular semigroup, 
completely regular semigroup and homogroup have been proved in terms of w. bi-ideals. 
In $3 we have defined prime w. bi-ideal and semiprime w. bi-ideal. and studied. them. 


$1. We begin with the following definition. 


Definition, A subsemigroup 4 of a semigroup S is called a bi-ideal of S if 
ASA С A [4]. 


Proposition 11. Every bi-ideal of a semigroup Sis aw. bi-ideal; hence every one 


sided ideal is a w. bi-ideal of S. 
Proof. The proof is obvious. 
Remark. The converse of the above result is not true. This follows from the following 


example. 

Example. Let S—í(a,b)|a, be Z, the ring of integers}. 5 is a semigroup w.r.t. the 
multiplication defined as follows: (a, Б) (с, d)=(a, d) Let A={ (a, a) | (a, а) e S}. Then A is 
a W.bi-ideal of S, since (a, a) (x, у) (а, а)=(а, а) e A, v (х, у) e S. It can be easily verified 
that A is neither a bi-ideal nor an one-sided ideal of S. 


We now state some elementary properties of у. bi-ideals іп a semigroup 5. 
1. The intersection of two w. bi-ideals is a w. bi-ideal if it is not empty. 
2. The join of two w. bi-ideals is a w. bi-ideal. 
3. If A and B are two w. bi-ideals then AB is also a w. bi-ideal. 


Proposition 2. A semigroup S will be a group if and only if it does not contain any 
proper w. bi-ideal (i.e. a w. bi-ideal different from S). 
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Proof. Let 5 be a group and 4 bea w. bi-ideal of S. Letae A. Then а (а-га є A 
їе. e (the identity element of S) e 4. Lets eS. Then sese є А. So A=S. Hence S does 
not contain any proper w. bi-ideal. | ž 


Conversely, 1ег S. do ^not- contain: any proper уу. bi-ideal-of-S; Since every one-sided 
ideal is a w. bi-ideal of S, it follows that S does not contain any left or right ideal. Consequently 
S is a group ( [1] p. 6). 

Proposition 13. Ifa semigroup S is left simple (right simple) then the notions of right 
(left) ideal and w. bi-ideal coincide. = 
| . Proof. Since іп а semigroup every right ideal is а w. bi-ideal, we shall prove that in a 

left simple semigroup every w. bi-ideal is a right ideal. Let A be аж. bi-ideal of 5. Let a; 
be an element of A. -Since S is left simple Sa =S. Now, a,S=a,Sa, С A; hence A is a right 
‘deal of S. Hence the proposition. 

Proposition 1.4. Let S be a left cancellative semigroup without any idempotent. In S 
every w. bi-ideal is a right ideal if and only if S is left simple. : 

Proof. If Sis left simple then from the proposition 1.3, it follows that every w. bi-ideal 
is a right ideal. Conversely, let in Severy w. bi-ideal be a right ideal. Letae S. Then 
aSa U {а} is a w. bi-ideal of S and hence is a right ideal of S. So, for any x є S, ах є аба U {а}. 
If ax=a then a=ax=ax? whence Бу left cancellation we get x-x? in S which contradicts 
-our assumption that S is without idempotent. So ax є aSa which implies that x є Sa. ` Hence 


S= Sa; consequently S is left simple. à 
We recall the following definitions. 
Definition. A semigroup S is normal if Sx— xS, for all elements x of S [6]. 
‘Definition. A semigroup S is called regular if, for any element a of S there exists an 


element x in S such that a= аха [5]. 

Now we have the following proposition. 

Proposition 1.5. Ina regular, normal semigroup every w. bi-ideal ıs a two-sided ideal. 

Proof. Let A bea w. bi-ideal of a regular, normal semigroup S. Let a, є A. Since S is 
regular ау=ауха, for some x «S. Now, a,8—a,xa,S-ajxSa, C А. Similarly Sa, С A.. 
Consequently 4 is a two sided ideal of S. І 

Proposition 1.6. If а semigroup S is left simple ог right simple ог is regular and normal 
then every w. bi-ideal is a bi-ideal of S. 


Proof. The proof is similar to the proofs of the propostions 1.3 and 1.5. 
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$2. LetS Беа semigroup. We denote by W (S) the set of all w. bi-ideals. of S and by 
B(S) we mean the.set of all bi-ideals of S. 


Proposition 21. И (S) is a semigroup w.r.t. the multiplication of subsets and B (S) 
is an ideal of W (S). 


Proof. The first part of the proposition follows from the elementary property (3) of 
the w. bi-ideals. From the proposition 1.1 it follows that B(S) C W(S). Since the product 
of a bi-ideal and a nonempty subset of a semigroup S is also a bi-ideal ( Theorem 8, [4] ), it 
follows that B(S) is an ideal of W (S). : 


Proposition 22. А semigroup S is normal iff W(S) is normal. ` 


Proof. Let S be normal. "We are to show that A.W(S)=W(S).A, v А є WS). Let 
X«W(S) and ae A Then aX C a$—Sa C W(S)a. So A.W(S)C W(S)A. Similarly 
W(S). A С A.W(S). Hence A.W(S)=W(S). A i.e. W(S) is normal. Conversely, let W(S) be normal. 
Тегх eS. Then х5 С (x), S [GO),—xSx U {x}, the principal №. bi-ideal generated by х] 
=A (x), [A e-W(x)]] С SG), С Sx. .Similarly .:Sx Е xS. Hence xS=Sx, So S is normal. 


Proposition 2.3. А semigroup S, is a semilattice of groups if and only if W(S)isa 


semilattice of groups. 


Proof. Let S bea semigroup which is a semilattice of groups. Then S is regular and 
normal (Theorem 7.7 [2] ). Then by the proposition 1.6 W(S) and B (S) coincide. So by 
the theorem 7.7 of [2], it follows that B(S)i.e. W(S) is a semilattice of groups. Conversely, 
let W(S) be а semilattice of groups. Then W(S) is an idempotent, commutative semigroup. 
So.W(S) is regular and normal. So by the proposition 2.2, S is normal. Again, since B(S) 
is. an ideal of W(S), B(S) is also regular. SoS is regular (терше 6.4, [2]). Hence S is 
regular and normal so that S is a semilattice of groups. a 


Proposition 2.4. А semigroup S is regular if and only if A= U Sa where А is a 
a є А х 


w. bi-ideal of S. : : 
Proof. LetSbea ей semigroup and 4 bea a w. bi-ideal of S. Obviously U aSa C A. 


ає А 


Next, let а є A. Since S is regular, а=аха for some x є S. So а=ахає U asa. 
ає А 


Thu AŒ U аа. Hence A= U аа. Conversely, let d= U аа for апу w. bi-ideal 
acA 7. aead а є-А 


A of S. Let L be a left ideal and R be a right ideal of S. Then both Land R аге w. bi-ideals 
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of S. Since RL E L П К, Е П Кіз nonempty. Hence by the elementary property 0) LOR 
is also а w. bi-ideal of S. Let ae L f| R. Then a=bsb fot some be L (1 R. Hence a=bsb є RL. 
SoL|RG RL. Thus L N R=RL; consequently S is regular. | 
Proposition 2.5. Let 5 be a semigroup. The following conditions on S are equivalent : 
(1) S is regular. 
(2) AN BC ASB, A, Be WS). 
3) (à, N Ow € (3), S (0), @u=45a U 40), abes. 
(4) (@ф„==(д„ S@. а є S. 
Proof. (1) => (2). 
Let S be regular and A, Be W(S). Let M «А B. Since S is regular, xexyx є ASB, 
for some ye S. So A N B C ASB. ` 


02) => (3) is obvious. 


(8) > @). u= П (аһ C (0), 5(д„. On the other hand, 

С (d. SQ. aSa U (a) SCaSa U (d) C asa C (@„. So (à), S („= (д)„. 

(4) = (D. Letae S. Thenae(a),—(a), S(a),. So a=axa for some x є S. Thus a and 
hence S is regular. | 


Definition. 4 semigroup S is called completely regular if, for any element a of 5, 
there exists an element x in S such that а==аха and axe xa. 


Proposition 2.6. A semigroup S is completely regular if and only if every principal 
w. bi-ideal of S is generated by an idempotent. 


РА 


. Proof.. Consider the w. bi-ideal (a), of S. Since S is completely regular, a=axa, 
ax--xa for some x є 5. Let e—ax--xa. Then e is an idempotent of S. We shall that (a), = (6). 
Now (a),—aSa--axaSaxa--eaSae С eSe=(e),. Again, (e),—eSe-axSxa С aSa=(a),. Thus 
(a),,=(e),,. Conversely, let every principal w. bi-ideal be generated by an idempotent. Let 
а є 5. Then (a),=(e),, for some idempotent e of S. Now а є (е), implies that а=еха, 
xe S. Then ae=ea=a. Again, ec (9, (Qu, so e=ata ог e=a. If e—a then a e aSa’, 
and if e=ata, then a~ea=ata® e aSa*, Thus a e aSa? for every a of $. Hence Sis completely 


regular. | 


Proposition 2.7. A semigroup 5 is completely regular if and only if for every element 
a of S there exists an idempotent element e in S such that (a),—R(e) Ме) where R(e) and Ie) 
are principal right and left ideals generated by e respectively. 
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Proof. We shall show that (¢),=R(@) L (е),. (e),—eSe С R(e) Це). On the other hand, 


Re) L(e)-eS.Se C eSe=(e),. So (e), —R(& L (е). Now the proposition follows from the 
pervious proposition. | 


Proposition 2.8. A semigroup S is completely regular if and only if every principal 
w. bi-ideal of S is a monoid. 


Proof- Let S be a completely regular semigroup and (a), be the principal w. bi-ideal of 
S generated by a. Then @),,=(¢),—eSe, e is an idempotent of S. Now eSe. eSe С eSe and e 
is the identity element of eSe. Hence (2), is a monoid. Conversely, leta e S. Now (a), isa 
monoid with the identity element e. Now е є (a), implies that either e=a or e—axa, x є S. 
If e-a, then a є aSa*. If e—axa, then а=еа=аха* є aSa? Thus, in both the cases a є aSa*. 
Since a is arbitrary, it follows that S is completely regular. | 


Definition. А semigroup S is.called a homogroup if it has a subgroup which is at the 
same time a two-sided ideal of 5. ( For an equivalent definition see [8] [7] ). 
Proposition 2.9. A semigroup S is a homogroup if and only if W(S) has а zero element. 


Proof. Let S be a semigroup with group-ideal С. Let B є W(S). Then BG isa right 
ideal of S and BG С С. Since С is a group, it follows that BG—G. Similarly we have GB=G. 
Thus С is a zero element of W(S). Conversely, let W(S) have a zero element Z. Then SZ=ZS=Z, 
since S e W(S). So Z is a two-sided ideal of S. Letze Z. Then Zz is a left ideal of S 
and hence Zz є W(S). So Zz—Z(Zz)—Z. Similarly we get zZ—Z. Thus Zz=Z=zZ, yze Z. 
Hence Z is a subgroup of S. So S is a homogroup. 

Definition. A semigroup S is called left (right) regular if, for any element a of S there 
exists an element x- in S such that аха? (а==а?х). 

Proposition 2.10. For a normal semigroup 5 the following conditions are equivalent : 

(1) S is regular. 

(2) Sisleft regular. 

(3) Sisright regular. 

(4) S is completely regular. 

(5) ae (aS)" for every element a of S and for every integer n > 2. 
(6) W (S) is idempotent. 

(7): W (S) is completely regular. 

(8 W (S) is regular. 

Proof. From the theorem 6.6 of [2] it follows that (1) to (5) are equivalent. Now we 
assume (5). Let a є S. Since (5) => (1), S is regular. So S is regular and normal. So В(5)== W(S). 
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Hence by- the same theorem W(S)=B(S) is idempotent. Obviously (6) > (7) > (8). 
Lastly we assume (8). Since W(S) is regular, B(S)-is also regular, since RS) is-an ideal: of 
W(S). Hence S is regular ( Lemma 6.4. [2] ). W as 


$3. Definition $1. A w. bi-ideal A ofa semigroup S is called prime if 
'axae A» ac A, {х є sS]. 


Proposition 3.2. Let А be a prime w. bi-ideal of S. Then SNA is also a prime bi-ideal 
of S.. i | | 

Proof. Let ac SNA. Then аха є SNA for xe S, foraxaeA-»ae4A,a contradiction. 
Again, аха є SNA, x e S implies that а є SNA for acÁA-» аха є 4, а contradiction. So S\A 
is a prime w. bi-ideal of S. aa 


Proposition 3.3. The set of all prime w. bi-ideals of a semigroup S including the empty 
set forms a Boolean lattice w.r.t. the set union, intersection and complementation. 


Proof. The proof follows from the above proposition and the facts that union and 
intersection of two prime w. bi-ideals of a semigroup S are also prime w. bi-ideals on assuming 
that the empty set is a prime Ww. bi-ideal of S. 


- -Definition 3.4. A w. biideal of a semigroup 5 is called шй ды if 
a =й —»aeA, [aes]. 
. Every prime w. bi-ideal of a semigroup .S is also semiprime. 
Proposition 3.5. A w. bi-ideal A of a semigroup S is semiprime if and only f 
ёе Аа є А. 
Proof. Let А be semiprime w. bi-ideal of Sand а? є A. Then (Y= =a". є А ә 
а? єА 5 а є А. Conversely; let A be w. bi-ideal of S and а? є А => а є 4А, Let à? є A. Then 
(C=C e А = (а-а є А э а є А Э а є А. So A is semiprime. 
Proposition 3.6. А semigroup S is completely regular if and only if every w: bi-ideal of 
S is semiprime. | 
| Proof. Let S be a completely regular semigroup and A be a w. bi-ideal of S. Let a? є A. 
Now a=axa with ха=ах, х є S. | So a-axa-a(xay =a? х? а? є А. So A is semiprime. 
Conversely, let in S every w. bi-ideal of 5 be semiprime. Hence every left ideal and every right 
ideal of Sis semiprime. So, by the theorem 4.3 of [1] S is a union of groups. Hence S is 
_completély regular. ` 
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IRREDUCIBLE REPRESENTATION OF A Г-ВАМАСН ALGEBRA 


D. K. BHATTACHARYA and A. K. MAITY 


Abstract: The paper obtains a necessary and sufficient condition for the irreducible/ 
topologically irreducible left regular representation of a [~- algebra/ [~- Banach algebra. It also 
obtains [~- equivalence/ [ -topological equivalence between general representation and suitable 
reduced left regular representation of a [ -algebra/ [ -Banach algebra. 

11. Introduction 

We recall the definitions of [ -algebra, [ -normed algebra and [| -Banach algebra 
of [2] which are based on the definition of [ -ring as based on Barnes [1]. 

Let V and V’ be two normed linear spaces over F. V is said to bea [ -algebra over F 
if ога, bc, V; x ye V’, «eF 

(0 axb«V 

(й) (axb)ye-ax(byc) 

(i) < (axb)=(<a)xb=al4x)b=ax(<b) 
(v) ax(b-+c)==axb+ axe 
a(x-+y)b=axb-+ ayb 
(a+ b)xc=axe-+ bxc 

^ This [~-algebra is denoted by (V, V^). 

If V and V' are normed linear spaces over F then Г -algebra (V, V") is called a M -normed 
algebra over F if conditions (j) ... (wv) hold and further 

(vy) laxbl < lal lxi Jol. 

[--normed algebra (V, V’) is called a Г -Banach algebra if V is a Banach space. 

This paper deduces conditions under which a reduced left regular representation of a 
[^ -algebra/ [^ -Banach algebra becomes irreducible/ topologically irreducible. It also refines the 
equivalence theorem of A. K. Maity [3] between general representation and left regular 


representation. 
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1.2. Some definitions and elementary results 
Definition 1.2.1 Let (У, V) bea -algebra and V, C V and V; С V' be such that 
ViVi V; С V, and (Vi, Vi) isa [ -algebra with respect to the same compositions as defined 
in (V, V^, then (V, V^) is called a [ -subalgebra of the [^ -algebra (V, V^). 
Definition 122 Let (V, V) and (Vi, Vi) be two [ -algebras over Е. А pair of 
mappings fi: V — Vi and fi: V’— V,' is said to be a homomorphism from 
(V, V) to (Vi, Vi’) if 
@ fi @td)=fi @+fh (b 
(i) fi(«a)—«fi (a) 
(ii) fi (axb)—fi (a) fs О) fs (D) 


where-a, b € V, xeV', eF. 
If fi, fa are both injective, then (fi, fz) is a monomorphism of (V, V^) into (Уу, Vy). 


Result 1.2.1 Let L (V.V), L' (V', У) denote respectively the spaces of linear mappings 
from V to V' and V' to V where V, V' are linear spaces over F. 
Then L.is a [ -algebra over F denoted by (L, 2) if for 4, Be L, X e L', xeV,«,BeF 
(«A-- BB) Q)- «A (x) + BB (х) die eoi (1.2.1) 
(АХВ) (x) =A(X(B(Q))) Mp Мы 4:23] 
If V, V' are normed linear spaces over F and В (V, V), B'(V', V) denote respectively the 
spaces of bounded linear transformations, fhen 
| AXBI I AI XIII T (1.2.3) 
holds and hence (B, B' becomes a Г -normed algebra under (12.1) T (1.2.3) 
Also (B, B") is a -Banach algebra when V is a Banach space. 


Definition 12.3 Іеї (У, V) be a [ -algebra over F. Any homomorphism (/, Р) of 
(V, V5 into (L, L^) is called a representation of (V, V^) in (L, Г) or on V. 
The representation Т =( fis fa) is faithful if the homomorphism (fi, fa is а monomor- 
phism. , 
| If V, V' are normed linear spaces over F, then а homomorphism of (V, V into (B, В”) 
is called a normed representation of (V, V^) into (B, B') or on V. 
A normed representation T=( fi, f?) is called bounded if 3 reals B, В’, s. t. 
17.1 < B lal, усєУ 
ITE < F lah ус У. 
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Definition 1.2.4 Let L; (V;, V;), L': (V'i, Vi) i=1,2 -denote respectively the set 
of all linear maps from V; to V'; and V,’ to V;. Let (У, V’) be represented on V, and У, 
i.e. in (Ly, 1) and (1, L';) under mappings 
(a — p а —> T, Y ) and (a— ж), а —> T Q) )acV,a'eV', Then the two 
representations are said to be algebraically -equivalent if there exists a 1 - 1 linear map Z from 
У, to V, such that 
1) | 
Dona ID a tr icu 
T (Т, Z)=Z(T Т, ), уа «У, уа «V. 
If the representations are normed, then they are said to be topologically | -equivalent if 
^ there exists a homeomorphism Z between И» and V, such that 


r, Oa, z-zr,O7, O), yaer, veer, 


Definition 125 Let (G, в) ђе а -subalgebra of the [M -algebra (г, L). А sübset 
М С V is said to be [ -invariant with respect to (Ф, G‘) if 
(FG) € M у/є 6, vf eg. 
Result 12.2 Let z be a fixed vector in V and let V, denote the set of f" ( f (z) ), 


^ 
vf«G, vf'« G', then V, isa r-invariant subspace of V with respect to (@ (9^), where 


A 
У, is the linear span of V,. 
Definition 1.2.6 A r-subalgebra (@, @’) of the [~-algebra (L, Г) is said to be cyclic 


A 
if there exists 2 є V such that V,=V. 
In this case z is called a cyclic vector of the [algebra (V, V^). 
Definition 127 А r-subalgebra (@, @’) of the [ -algebra (L, L’) is said to be 
irreducible provided (0) and V are the only [~-invariant subspaces of V with respect to (G, В”). 
.Result 1.2.3 Let V, У’ be normed linear spaces F and let (@, В”) be a [~-normed 
subalgebra of the [^ -normed algebra (B, В”), then the closure of a [~-invariant subspace of V 


is also [ "invariant. 5 
Definition 1.2.8 A r-normed subalgebra (В, @’) of the [ -normed algebra (B, B’) is 


A 
topologically cyclic if V, =V. 
In this case z is called a topologically cyclic vector of (B, B"). 
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Definition 1.2.9 A [ -subalgebra (Ф, В) of (B, B) is said to be topologically 
irreducible provided (o) and V are the only closed | -invariant subspaces of V with respect 


to (в, G^). 


Definition 1.2.10 (@, ($^) is irreducible or topologically irreducible iff every nonzero 


vector in (@, @’) is cyclic or topologically cyclic. 


Result 1.2.4 Let (a > Т, а) ‚а Т a а), be a representation of a [ -algebra 


(V, V) on V, ie. in (Lap, L'i) and let M be а [ -invariant subspace of Vi. Let 


А 
pM T а (DM denote respectively the restrictions of gU) on M C V, and 


m (Don w-r ® (M) C V^, then (a > pim. a—T i ам ) is a representation 
of (V, V^) on Vi 


Result 125 Let (a > T nud ge qs (D be a normed representation with respect 


to norms of У, апа У", іп ће sense that || т® | re ap ЈА T 2 (x) 1, х є У, and 
74x, 


“х 


IT ai (D | = sup IT, (1) (х1) 1, хє V', both exist, then 
ESTES. 


(а > T (DM. 0) M ) is a normed representation of (V, V) on M. Further 


т 
а a Ta 


DM (Do moss eae 
[pM T ppp er eg Tai 
(a — T y a TY й (0M ) is called the restriction of (a >т), a Ty (1) j. 


Result 1.2.6 Let M bea [ -invariant subspace of И; with respect.to the restricted repre- 


sentation (a — quit а Т a ам ) Let м'=т wp, 


~ 


Let (x) and (x) denote elements of РМ and V,;'/M’ when xi € V; and хє И. Leta 
map a > Т rode of (V, V^) on Vi] M be defined as И Г 
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i T „0 VIM (т у, (т (D) Е VM. 


Similarly, let a map a’ > Ts; (1) ИМ of (V', V) to V',[M' be defined as 


p, O0 VM. у cep у, qr, O Sy cv, then 


V,/M remains [ -invariant under the above pair of maps. 


Result 127 (n— T (1) ҰМ, а эт (0 V/M) isa representation of (V, Р) 
a , . . 
a 
on Vı/M. This representation is called the reduction of the given representation 


(a —> 135 a > Ty D) to УМ. 


Definition 1.2.11 Let (V, V) be a [ -Banach algebra. А subset 7 of. V is called a left 
[ -ideal of (V, V") if it is a linear subspace of V such that VV’I C I. It is a right -ideal of 
(V, V) if IV' V C I. I is called atwo sided [~-ideal or simply a [ -ideal if it is both a left 
and a right [^ -ideal. | А ` 

Maximal and minimal [ -ideals are defined in the usual way. 

Definition 1.2.12 A left [~-ideal J of (V, V") is said to be «-modular if there exists e є V 
such that V—V «е С I, for some « e V'. 

І is called modular if V—VV' e CI. Right «-modular/right modular [ -ideals are 
defined in а similar manner. A two sided f -ideal Iis said to be «-modular/modular if it is 
«-modular/modular both as a left and a right «-modular/modular [ -ideal of (V, V^. 

Result 12.8 Every proper «-modular/modular [ -ideal is contained in a maximal 
[ -ideal of the same type. 

13. Special representation of [~-algebra / -normed algebra / [ -Banach algebra associated 


with left [^ ideals. | 
In this section, we consider the left regular representation of (V, V^) in the following sense. 
Let о, с’ be two bilinear injective maps from V x V — У, Ух V' V respectively. 


Let о (а, b)=a ob апіс (a, Б)=а o Б. Let 
аи b—w о (ао Б), uw eV 


a'ub'—uo (a' o b) и є V. 
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Let (V, V) and (V', V) be two [ -algebras over F under the above definitions of aw'b . 
and à! ub’. Let A: a ә A, and A’: w > A, А 4, e L(V, У) and Ais є L' (V, V) be 


such that 
А xa ox, x«eVand A n y'—u' o y's y'e V, 


Then T==(A, A’) is a representation of (V, V^ in (L, L’). This representation is called the left 
regular representation of (V, V^). 
If (V, V) be a -normed algebra over F and if it is assumed that 


«~ 


[24021 < Па lol, lla ов | x Да b'li, then T = (A, A) isa faithful bounded 
normed representation of (V, V) in (B, B^. | 
Result 1.3.1 Let M be. a left -ideal of the [Г -Banach algebra (V, V). Then M always 


‘remains [ -invariant under a4, А’ Р ) aeV, u'e V'. In fact, 


(aA Ds ш’ э А u' ) isa restriction of the left regular representation 


(А э А p to 4) to M, where М’= 4 a M). 


Result 1.3.2 An element z e M is cyclic for the representation 
la >AM, ш 4M), м'—А М) iff M=VV" z. 
The above representation is irreducible iff M is a minimal [ -ideal. 


Result 133 Let (a — Ay и' => d e) be a normed representation of (V, V^), then 


(а — А t и => A, M5 is normed and continuous. 
Result 1.3.4 Let M be a left [ -ideal of -normed algebra (V, V), Шеп 2 «М is 
topologically cyclic for (a — A s wA, M^ if M is equal to the closure of the 


'F-ideal VV‘ z. The above representation iS topologically irreducible iff M is a minimal closed 
[--ideal. » 


Result 13.5 Let(a — A M M и > Ay v] M) be-the reduction of 


(а — А а? uo Ay) to V/M, then the reduction is a representation. For the normed 


representation, if M is closed in V, then the reduction is also normed. . 
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1.4 Quasiinvertible elements of a [ -Banach algebra 


The definition of quasiinvertible elements of a [ -algebra / -Banach algebra (V, V) is 
almost parallel to that of quasiregular elements of a [ -ring [4]. The definition is as follows : 


Definition 1.41 Let (V, V) be a [ -Banach algebra. An element a e V is said to be 
left a’-quasiinvertible, a’ є V', if there exists a unique b є У such that a+b—ba'a=0 є V. ais 
right a’-quasiinvertible if a--b—aa'b—0; a is a'-quasiinvertible if it is both left and right 
a'-quasiinvertible. а is quasiinvertible if it is a'-quasiinvertible for all a’ є V’, 

We now find in the following theorem the type of elements of a [ -Banach algebra that 


are a -quasiinvertible. 


Theorem 1.41 Іеї (У, V) be a [ -Banach algebra, then each x є V such that 
| xl < 1 is y'-quasiinvertible, у «У, || y' || < 1 and that y'-quasiinverse y of x is given by 


оо 


у=— X w, where 
n=0 


w= (xy’xy’x ... (2n+1) elements) 


Proof: Since || xy x] x Ixi lly’ || lly ll so each of lw, |, n=O, 1, 2, ... is less 


» со 

than 1, therefore it may be shown that the partial sums of Z у, form a Cauchy sequence 
n=0 

in V. Hence the above series converges to an element of V. We denote this element by 


oo oo - 
X  w,and prove that y=— X w, is the y'-quasiinverse of x. In fact, 


n=0 n= 


со оо оо оо 
х+ћу-=ху'у=х- 5 №, + 5 W15 XX У Wint 5 № +1 =0e V. It may 
n=0 n= n=0 n= 

similarly be shown that 
x+y—yy'x=0 є У. Hence y is the y’-quasiinverse of x. 

As an application of Theorem 1.4.1, we prove 

Theorem 1.42 Let (У, У’) be а [ -Banach algebra. Let L bea proper modular 
[ideal of (V, V^) such that V—VV' e C L, e e V, then there is no x in L such that 
lle-x || < 1. 

Proof: If possible, let x є L such that || e—x || < 1, then from Theorem 1.4.1 it follows 


that x=e—x is p’-quasiinvertible, y’ « У”, || y’ || <1. Lety be the y’-quasiinverse of x, 
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then x+y—yy’x=0. Hence e—x-cy—yy'(e-x)-0. So e—x-—yy'x-(y-—y ye. Now as 
xeL soyy'xeL, Also y—yyeeL (L being modular. Ѕое «1, which implies that L is 
not proper. Hence the result follows. 


Corollary: If (V, V) be a [ -Banach algebra, then the closure of every proper 
«-modular/modular [ -ideal is proper, so that maximal «-modular/modular [~-ideals are closed. 


1.5. Irreducible/topolozically irreducible left уйн representation 

Theorem 1.5.1 (V,V^bea[ -algebra. Let (a — A а? a! — A 2) bea left regular 
representation of (V, V’) on V, a e V, a' e V’. Let Беа left [ideal of (V, V’) and let 
(а А 5 ҮП. па >A " ҮЛ L=A,(L) be the corresponding reduction of the above 


representation on V/L. Then this reduced representation is irreducible iff L is maximal. Те 
(V, V’) be a [ -Banach algebra and L is closed, then the representation is topologically irredu- 
cible iff L is maximal closed. If L is modular, then анаар and topological irreducibility 
are ‘equivalent. Е : : 

Proof: Let L, be any proper left M -ideal of (V, V^) which contains L. Let L,’ be the 
image of L, in the quotient ring УЙ. So | 


L',—((G)' e УЛ. such that x eL,]. Thus x’=x+L, хе. Let L—4A, (L). 


WE, VIL any VIL Я 
4g ^4. 0074. 4, AY (VID 
A' g VIL (a o xy 

z(a o.(aox)) «e V[L 

—(aa'xY e VIL, aa'x eL. 

Р 

Hence L,’ is а [ -invariant subspace of V/L under the mappings (4, VIL A’ 5 vil Ly 
Again the mapping x > x’ of L, to L,’ isa homomorphism and is1—1, as L, is a proper 
[ -ideal containing L. Since L, is arbitrary, so it follows that every proper [~ -ideal containing 
L is mapped into a [ -invariant subspace M’ of V/L such that 
M'—i (xf e VIL where xeM C V |. 
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It may be readily shown that M is a left [~-ideal of (V, V). Next let L’ be the image 


of Lin У, then as L remains [ -invariant under (A "E , 4 m L ) L—A, (L), so, as above, 


1 zA 
it is seen that L’ remains [~ -invariant under (4 VIL , 4 a vi L and that L’ is [~-ideal of V/L. 


Since the minimum subspace of V which remains [~-invariant under left regular representation 
is a left [ -ideal of V and since M’ is any subspace of V/L which remains [invariant under 


(4, уп. ‚ A al үл. ) so 7 С M' and hence LCM. Thus it is established that there is a 


1—1 map between all left -ideals of. (V, V^) which contain L and all [~-invariant subspace 


of V/L. 
* ` Hence it follows from the definition of irreducibility of the representation of a [ -algebra 


ne 
that (4 4, VIL , a' — A! a' vil Lj is irreducible iff L is a maximal [ -ideal. 


` Next let (V, V') be a [~-Banach algebra and let L be closed in V. Now to establish that the 
above representation is topologically irreducible iff L is maximal closed, we are merely to prove 
that Lı 2 L is closed in V iff L,” e V/L is closed in V/L.: It is known that x — x’ is continuous 


- wWherex eL and х’ є V[L. Hence if L,’ is closed in V/L, then L, will be closed in У. Again 


(V, V^ being a [~-Banach algebra, V is a Banach space. So if L is closed in V, then V/L isa 


Banach space. Therefore Lj’ is closed in V/L when L; is closed in V. Hence from the definition 


А : "T TN VIL : , V JU 
of topological irreducibility it follows that the representation- (a > 4, ‚а — А a! ) 


is topologically irreducible iff L is a maximal closed left Г "ideal of (V, V^). 

Next let L be modular, then every left "ideal L,.D L- is. also modular. Again by 
corollary to Theorem 1.4.2 it follows that closure of a proper modular left [~-ideal is proper. 
So the assumption that L is maximal among closed [ -ideals simply means that L is maximal. 
Hence in this case irreducibility and topological irreducibility are same. 


16. Equivalence of general representation and left regular representation of a 


j"-algebra/[^-Banach algebra. 
Theorem 161 Let (о — T got oT а) be an irreducible representation of а [~-algebra 
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(У, ү) оп У. Then there exists: a maximal «-modular left -idealin (V, V^) ‘such that the 


representation 


(a => T, ,0 > T is MER {equivalent to (a > 4, VIL ,a ә А a ү, 


^N 


roa: m 


Proof E >T, ‚а Уә Т’ a? being irreducible, it is automatically cyclic. Hence 


from [3] it is mown that there exists a «modular left -ideal such that Gs > T d a’ AN T' a? 


is algebraically r ye to the representation 

| 2 m E 
(a ә АЙ Q0 4, M Ln So (a > AN! b catis A y Y Л, is also irreducible. Hence 
it follows fróm Théorem 115.1 that L is maximal. The theorem: now follows by. ће. combination 
of the above two results.. : "EAM | 
А Theorem 1.6.2 Let L be any maximal left [~-ideal of a [~-algebra (V, V"), then there 
exists a maximal «-modular left [~-ideal of (V, V’) such that the representations | 


| "HU HE - 
(a. — к se d а“ Ib, and. (a A, ҮШ, аб > US! 


Т-А, ©), L.A, Сау ате alschratenlly [ "equivalent. _ І 
If further (V, V^) is &'[ -Banach algebra and is closed, then the equivalence is: бойы ы 
Proof: L being maximal, it follows from Theorem 1.5.1 that. _ TH BE: ^ 
(а > 3 ,‚ а ә Ay vl L. is irreducible and hence cyclic.. So practically L, plays the: 


role of L in Theorem 1.6.1 and hence the -proof of the theorem follows." 
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A NOTE ON GEODESICS IN AN "ASSOCIATED RIEMANNIAN SPACE 


OD 


(0.2) 


B. BARUA 


( Dedicated to my revered teacher Father F. Goreux, D. Sc. ) 


Introduction 


Let V, be an n-dimensional Riemannian space, of class one, whose lines of 


curvature are not indeterminate. The associated space V; is-defined by the relation [1] 


g ty mes rj 
where Б; ; are components of the second fundamental tensor of V, in p. and o-o (x) 
is a scalar function of the coordinates (x'). If V, is symmetric in the sense of Cartan, 
then the Christoffel Symbols of the two spaces are related by the equation [2] 

i * Ар 

h h h h vos 
lüb-iglbt5gt9«8-8 8) © 
where 


o, = до] әх). | Av "o9 


In the present note we have deduced a necessary and sufficient condition for a 


асобае і in V, to bea odee: in V,. Some ‘other results regarding ‘the geodesics have 
also been obtained. 


Geodesics in V, and V 


Let C be a curve in У, defined by the parametric equation - 
x! = xi (s), i= 1, 2,. i 


©” being the arc-length of C in V,. The unit tangent vector to C'in V, is given 
dx' - = i 
by (x à = ues ds 
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Now, 


dxi dx! ds 


s ue t ram 


dxi- = d?xi 4 y dx: d?s 


(2) amd D-EX. S ND CR 
ds? di ds di ds 





where s is the arc-length of C in V,. 


From (1.1) and (0.1) we find 


(13) 9 | E- ds у= e? k 


where k, is the normal curvature of V, in E,,4 in the direction of C. 


Differentiating both sides 'of (1.3) with respect to s and then substituting the 


— d?s + Я 
value of —= in (1.2) we find 
f ds? : 





` dxi 20 d'xi dxi ахі 
гад k {Z tati Bah 
(1.4) ds? i ds? di d 


In view of (1.4) and (0.2) we find 


; J i ~i 
(1.5) pi =e” k, С аео) e Dt ] 
ds ds 
j k 
where ui „+ 1л jk ©. 4s » are components of the relative curvature 


vector of C in V, [3] and & ' is a similar expression in V,, and k;= Ё X Kas 


If C is a geodesic in V, then ui =0. It follows at once from (1.5) that C is not, 


in general, a geodesic in V,. If C is a geodesic:in. both V, and . V,, then from (1.5) 


we find: 


(1.6) TS ELLE 
. ds ds 


(1.7) 
(1.8) 


(1.9) 


(2.1) 


A note on Geodesics in an Associated Riemannian space 23 


= k : 

Transvecting both sides by g; + ox we find 
ds — 

dxi 

ke 


ds 


It follows that the vector (k;) is orthogonal to the curve which implies that 


e. 


E Cx s X" ) — constant 


along the curve. Also from (1.6), we get 


-—ij 


dsi deo 
ds ds 
On the other hand if k, is a constant, and since (1.9) is obvious, then from (1.5) we get 


8 | 
93203) 


-i 
ui = e2 Е, n 


Hence if C is a geodesic in V,, itis so in V, also. 


Theorem 1. For a geodesic Cin V, to be a geodesic in the associated space V,, 
it is necessary and sufficient that the normal curveture of V; in E,,, in the direction 
of C is a constant. $ ` 


2. Curvatures 


Let у“, «=Í, ..., n-F1 be-the rectangular Cartesian coordinates in E,,,. Then [3] 


2. «€ « 
CY ong gt деу 


ds? 





a, ; 7 
where £ ^ is the unit normal vector to V, in E,,,. 


If a geodesic C in V, is a geodesic in V, also, then xi =0 and by virtue of 
Theorem-1 
a ERE 
ky = ka =constant 
where К, is the first curvature’ [3] of C in V,. 
Now at a point оп C in E,,, we-can find n+1 mutually - orthogonal unit vectors 
dx! 


forming a local coordinate system with (2) as Ше unit tangent vector. ІЕС isa 
s 


geodesic then from (2.1) we find 


24 е ` В. Barua ` ган 





dy” & * у X 
(2.2) ds? =k, ё or 7h = ё 


where 7, is the unit first curvature vector of C in E xr a 


Applying generalized Serret-Frenent's formulae [3] we get 
« < 
— === — ду « f 
(2.3) 3s К, pmi ka Ne m 


where %/, is the unit second curvature vector of C in E,,, and Kk; is the second curvature. 


Also, we have [3] я -- 











"x. TEF èn, x ap opin 6 dxi . s 
(2.4) 8s bi; 8 Ў; m ds 
Hence р 
~ dy* < = — .gim € dxi А 
(2.5) | | | k, ds a 1, b, 1 g y ‚т ds 


- : , Taking scalar product with 7, and observing that the fundamental vectors at a point 
of C form an orthogonal ennuple, we get 


=—gin Bo Sy € ах! _ 
ke 8 Big sis У, а ds 


Thus we find, for C, К, =, —constant and k,=0. - 


Theorem 2 If a geodesic C in V, is a geodesic in the associated space V, 
also, then the first curvature of C is a constant and the second curvature is zero. 
Finally, if C is a geodesic in V, only, then from (1.5) we 
'dxi ахі ij 
M -z 


с; 





(2.7) | п =(¢;-4k,) 
; - ds ds 


Hence the first curvature of C in V, is given by 
ЗЕ, P um E PON, | 
Q.8) k =g; п Wo =(а—%} 
where . 


` 
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SOME RESULTS ON MID-POINT SETS 


D. K. GANGULY 
And 
M. MAJUMDAR 


Introduction 
Let A and B be two linear sets of points. 
We define the mid-point set M (A, B) of A and B to be the set 
= xy - = x+y . 
M (A, B) [a xed, y eB }, and M* (A, B) UR xed yen xe yh 


to be the Strict Mid-point set of A and B. 

It is clear that M* (A, B) is a subset of M (4, B). Randolph [2] studied some properties 
of the Mid-point set M (C) in connection with the Cantor set C in the unit interval [0, 1]. 
He proved a remarkable result that М (C) = [0, 1] although C was of Lebesgue measure zero. 


In this paper we have focussed our attention to some specific properties that M (A, B) 
inherits from A&B. We also have indicated that some set-theoretic properties need not 
be inherited from A and B by M (A, B). Our main result in the paper is that the mid-point 
set M (4, B) of two linear sets A and B of positive measure contains an interval. Our proof 


is based on Lebesgue's density theorem [1] for sets of positive measure in the real line R and 


on two Lemmas. 


In our proof the Lebesgue measure of A will be denoted by mA. We also use the 
result that. m (4--x)em (х— А)==тА for any хє К and any measurable set AC R [3]. 


Definition 


Given a set 4 C R, foreach хє К, the limit inferior and the limit superior of 


* au z » 21 " 
meti ba h, xt) ag +0 + are denoted by D(A, x) and D(A, x) and are respec- 
tively called the lower and upper densities of Aat x, where m* stands for Lebesgue outer 
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measure. If these two densities are equal, their common value is denoted by D (4, X) and 
is called the density of A at x. The main theorem on density of a measurable set at a 


point is the Lebesgue density theorem : 
If A is measurable, then the density of A exists and is equal to 1 at every point 


of A except possibly for a set of measure zero. 


Theorem 1. 
If the linear sets A and В аге closed and bounded, then M (А, B) is also closed and 
bounded. 


Proof. 

Since A and B are bounded, it is evident that M (A, В) is bounded. We propose to 
show that M (4, B) is closed. Let x « М(А, B) where M(A4, B) denotes the closure и 
M (4, В). Then there exists a sequence (d, } іп М (4, B) such that, d, > x as п — ә. 
Hence there exist sequences { x, } and-{ y, ] in A and B respectively such that, | ... 


d, eC, Since Aand Bare bounded and closed, {x,} and (y,] have convergent 


| эрєА and y, —q« B. 
i 


i 


subsequences i \ and { y pou such that, x, 
м7 і | п i 


So we may have subsequences { X. | of f "nj and { Pa. \ of { Fy: \ such that 
i i i 
k \ К È 


Xp. — p and Yn. ЭФ Also 
р^ 'k 


"ni Tu; 
— —t ed, . Taking k — %, we get PHA y 


So, x «M (A, B. Thus М (A, B) is closed. 


Remark. 


If A and B are closed linear sets, then M (A, B) need not be closed. 


For, let A={ —n: ne N]1 and B= { n+ PE neN } , Where N denotes the - 


set of natural numbers, Then Oc M (4, B, but 0 # M (A, B). 
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Theorem 2. 


If A and В are bounded closed linear sets and if one of A and B is dense in itself, then 


M (A, B) is also bounded and perfect. 


, Proof. 


By theorem 1, M (A, B) is bounded and closed. Now, it suffices to show that M (4, B) 
is dense in itself. Without any loss of generality let us assume that A is dense in itself, Let 


deM (A, В). Then there exist points x є В, y є B such that d= ND . Since A is dense 


in itself, for є — 0, chosen arbitrarily the interval (x — e, x + є) intersects 4 in at 





least one-point, say x’, distinct from x. Let d'— 2: 27 є M (A, B). 
ah ЖЕУ. x dy а | А 
Then |d - d| = 5—5 2003 — ©су. Since e>0 js arbitrary, 


d is a limit point of M (4, В). The theorem, therefore follows since d is any point of 
M (A, B). Е 
Theorem 3. 

If A and B аге two linear sets of second category, then M (4, B) is Als of second 
category. 
Proof. 

If possible, let М (4, B) be of first category. Then so is 2M (4, B) —p, where p 


js some fixed element in A. 


x+ 
Let xe B. and x з р. Then t eM (4, В). Hence x e 2M (A, B)— p and this 





implies that B—ípj C 2M (4, B)—p. Therefore В—{р} is of first category and so 
(B—{p}) U {p}=B is of first category which is a contradiction. Hence M (4, B) is of 


second category. 


Remark. 
If the set A is of first category or of measure zero, then the Mid-point set M (4) of 
A may not be a set of first category or of measure zero. 
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For example let us consider the Cantor set C in [0,1], which is of first category‘ 
and of measure zero. But .M (C)=(0, 1] [2]. Then M (С) is neither of first category, 


nor of measure zero. 
Therefore the properties of being of first category ‘or of measure zero need not be 


inherited by M (A) from the set А. 
Theorem 4. 

ІА and В are two linear open sets then M (A, B) is also open. 
Proof. - 


"Let d e M (A, В). Then there exist х є A, у є Bsuch that * n 


=d. Let e >0 be 
given. Since A is open, we can find an interval Г, of length e with centre at x which is 
wholly in A. Similarly we can find an interval J, of length e, with centre at y, which is 
wholly contained in B. 

Let us consider the interval J= (4- 5 = EI ‚ 4+ =). We dió that | C M (4, B). 


Let « e I. Ten d- 2 <a «d4 jy ie х+у—є<24<х-+у-+ е. 


х — є< 2% — у< х + є Therefore 24 — ує /„ C А. Hence 


AM «eM (4, B) Thus J is contained іп М (4, B) and therefore M (4, B) 
is open. | 
Theorem 5. 

If A and В are two linear sets of positive measure, then the Mid-point set М (A, B) 


contains an-interval. . ` 

І To prove this theorem we require the following Lemmas. 
Lemma 1. | : 
1-4; B; C CR аге measurable then pe (ANC - m(A n B) | <m(BAO), 
where B A C represents the symmetric difference of the sets B and C. 
Proof. | | 
We have m (A П C) - жт(АПВ)=ют(АПСПВ)+ 
m (A (1 € n B)-m(A ПВП O- mA ПВ П С)=т(А n € n B')-m(A П BNC. 
Then |m(A N.C) - т(А ПВ | <т(АПСПВ) + т(А ПВП С) | 
<т(СПВ) * m(Bn C)-m(BA О. 
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Lemma 2. 
Let 4, B CR be two sets of positive Lebesgue measure. Then the function 


о (x) = m[4' (2x—B)] is a continuous function on A. 


Proof. 

Since every set of positive inner measure contains a compact subset of positive measure, 
we may assume that A, B are compact sets having т (4) > 0 and m(B)>0. We set 
B,,—2t—B for te К. Then o (=m [4 N В, 11. Then given є > 0, there exists an open 
set G D Ba, such that m(G—B,,) < є. Let d—g.lb. {| x-y |: xeB,,, ye R-G}. 
As Вз, is compact, so а> 0. Then Barın = Be, + h C G for |A] < d. Therefore 
m (G—Bar+i) = m (G—B,,) < є. 

Also m(Bo,+, A Bo.) < m (6-В,,.һ) + m(G-Bo,) < 2e ...... (1) 

Hence by (1) and also by Lemma 1 we obtain 

[о (л) о (0| = [m(4 N Borsa) - т(А N Bs) | < т(В,,+, ABar) < 2 
for |A| <d, — which proves the continuity of о. 


Proof of Theorem 5. 


By Lebesgue density theorem [1] we can say that for any set S of positive measure 


: Г ; ; 
there exists a point p such that Lt apn =1, where Г is an interval of length r 


г- 0 
with p as its centre. Now there exist density points a є А and Бє B. Since ‘a’ is density 
point of A, we can find an interval A, of length r and with centre at ‘a’, such that 


L _m(An ^). —1, Similarly Lt m(B 9 4,) =1, where A, is an interval of length 








r>0 4 r0 5 

н: Б+а 
r having ‘b’ аз its centre. Let c= 5 and A,-—2c— A,. We have 
1= Lt m (B n ^») = Lt т (В п @c—A,)) 

r0 r r—0 E 


ГА 
= ut (Ос ВпА) = ү mO0A2, where B'=2-B. 
"o r0 r r0 A 


Hence for a given arbitrary small 8 (2 0) there is an interval A’ about the point ‘a’ as centre 
such that m (B' n A’) > (1—8)1 and т(4р A’) > (1—5) 1, Lis the length of the interval 
A'. This implies that the set (B' п A0 n (4 n A')—(B' п ANA’ is a set of positive 


measure. 
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Thus т(В' гц д > 0 or m(A[Qc—B)) > 0. Hence the function 
о (х)==т | А п Qx-—B)] has the property о (c) > 0. Since e is a continuous function 
(by lemma 2) we can find an interval Г, of length p with centre as c such that- w(x) > 0 
for every хє Г,. This show that A п Qx-B)#¢ for xe Po Therefore there are 


points yea & zeB suchthat y-—2x—z ie. x= Y. M (A, B) for and хє Г. 





Hence the theorem. 


Theorém 6. 


Let A and B be two linear sets of positive measure and C be à countable dense subset 
of R. Then for some deC, theset E = {xeA: 3y«B with fx = a has posi- 
tive measure. 


Proof. 

If possible let E be of measure zero. Then the set 

x+y 
2 





{x eA: 3 yeB such that =d } has measure zero. Therefore the set 


E= fx <А :3 уєВ such that ur = d, deC } also has measure zero. s бё 


; Let H=A—F. Then m (Н) = т„(А) > 0. Then by theorem 5, the set M (B, H) 
contains an interval. Hence C П М (В, Н) x: 4. Then for some y eB, ceC and xeH C A 


we have E = с. Thus xe Ё, a contradiction. Hence the result. 


Remark. 


From the above theorem it is clear that for some d in a countable dense subset C of R, | 
the equality E — d holds for an uncountable (of the power of continuum ) pairs ` 


(x, y) AXB; where both the sets A and B are of positive Lebesgue measure. 
Remark. 

All the theorems proved in this paper hold good for M* (A, B) -excepting theorem Т; 
If a set A is closed, M* (А) may not be closed even if A is bounded. For example A=(0, 1]. | 
But M* (4)=(0, 1) 7 
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SEMI SYMMETRIC RECURRENT METRIC CONNECTION ON A ` 
RIEMANNIAN MANIFOLD 


ASOKE KUMAR RAY =; 
And 
.SAUMITRA MUKHOPADHYAY . | з 


0. Introduction : 


Let M be.a Riemannian manifold and V be the. Levi-Civita connection. on M. Let g be 


' the Riemann metric tensor on M. Then as we know | 


(1) (Vx g)(Y, 2) = 0. 
|, Lei V Беа semi-symmetnic affine conhéction on M whose-torsion tensor is given by 
Q) T(X,Yy)-H()X-—I(X)Y <- ec 


where M is a differentiable 1-form on M. V is called а semi-symmetric recurrent metric 


connection if it satisfies ` 


OQ 90,2) = (08 (0,2) 7 - =- 
where и is a differentiable 1-form on M. . 
In this note we have obtained a necessary ‘and sufficient condition for the conformal 


curvature tensor of the connection V and Weyl's conformal curvature tensor of the Riemannian 


manifold to be the same. 


1 Let V be a semi-symmetric recurrent metric connection on a Riemannian manifold M 
satisfying (2) and (3). If V denotes the L.C. connection on М; let us write 


(4) Vx Y= Yx Y- H(X,Y) - 
By virtue of (3), one finds 
(5) g (EŒ, P), + g (E, D, Ү) = -u O g (F, 2. 
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Also by virtue of (2), one finds 


(6) H (X, Y) - H (Y, X) = U(X ~ H (X) Y. 

It is easy to see from (5) and (6) that 

Ф. H (X, Y) = «(X — g (X, 4 — WY 
where 7 ln: = = 

(8) a (X) = П (Ху — zu (X) 

and 

(9) 8 (X, 4) Exo (X). 

Hence from (4) and (7) one can write 

(10) Vx Y = Vx Y + «QX — 9X, YA — Фи ООУ. 


Let R(X, Y) Z denote the curvature tensor of the connection V and R (X, Y) Z denote 


the Riemann curvature tensor on M. Writing 


^ 


КО, Y, Z, W) = g (R(X, Y) Z, W) and. K (X, Y, Z, W) = g (КОХ, Y) Z, W) 


for the respective covariant curvature tensors [2], we get from (10) 


(1) ` KW, Y, Z, W). = K(X, Y, Z, W) + à (X, 2) в Y, W) — à (Y, 2) aX, W) 

+A (У, W) g (X, Z) E A(X, W) g (Y, 2) m йн (X, Y) g (Z, W) 
- where ~ 
(12) à (X, Y) = (Vx 4) (Œ) — « (X) « (Y) + $« (А) g (X, Y). 


If S(X,Y) and S(X,Y) are the Ricci tensors of the connections: Y and V respec- 


- tively, and if ғ and r be the respective scalar curvatures, then from (11) we get 


and 
" (14) PE Lies Ope XR А. MT 


From (14) and :(13). we get 


as) 4&,2- -by 6502 - 8021 - руу $02 





1 А 
Tu би (Quz. 
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: By virtue of (15), the:equation (11) can be written as Eo ie 
KQ,Y, Z, W) = KX, Y, 7, w) £C psy, 2) - FH} 
-&069 ism z-sm 2} eg 2isqm-so,m 


=H) i003 
t { du (X, Z) g (Y, W) — du (Y, Z) g (X, W) + du (Y, W) g (X, Z) 


- 82) s(x, w)-3 (x, W)}- 6 (0 a0 2)- g, W) aC, Z)} 


— du (X, W) g (Y, Z) - i2) du (X, Y) g (Z, W)} 
which, after rearrangement, gives 
(16) С(Х, Y, 2, W)=C (X, Y, Z, m+ f du. (X, Zy g(Y, W) — du (Y, Z) g(X, W) 
+de (Y, W) g(X, Z)—du (X, W) g(Y, Z) -(n—2) ар (X, Y) g(Z, W) } 
where 
а) CQ, Y, Z Р) КОХ, Ү,2, W) - — {S (Y, Z) &(Х, W) — SX, Z) g (Y, W) 
+ SQO,W)g(Y, Z) — S (Y, W) 8(X, Z)] 


r 
+ tay (OC 2805 W) - sY, W) sX, 2 


is Weyl's covariant conformal curvature tensor and C (X, Y, Z, W) is a similar expression with 
respect to the connection Y representing the covariant conformal curvature tensor of V. 

Now let u be a closed 1-form ; then du. —0 and it follows at once from (16) that 
(18) C(X, Y, Z, W) = C (X, Y, Z, W). 

On the other hand, if the conformal curvature tensors of both the connections are equal, 


then from (16) 
(19) du (X, Z) (Y, W) — du (Y, Z) g(X, №) + du (Y, W) g(X, Z) 
— dy (X, W) g(Y, Z) — (n—2) du (X, Y) g(Z, W) = 0. 
Contracting for Z and W, we get from (19) 
n (n—2) du (X, Y) = 0 


whence 
Q0) du —0 for n>3 
that is, р isa closed 1-form. We state the following : 


- а T 
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Theorem :- The conformal curvature tensor of а semi-symmetric recurrent metric connection 
on a Riemannian manifold of dimension > 3 is the same as Weyl's conformal curvature tensor 
of the manifold if and only if the differential 1-form defining the recurrence is closed, 


If the 1-form p defining the recurrence is a zero-form, then Y reduces to a semi-symme- 
- tric metric connection satisfying 


о) — (x8(0,2-0. | 
By virtue of the above theorem and (21) tom 


C(X, Ү, 2, №) = С (X, Y, Z, W) 
which is the result obtained by Imai [3]. 


The authors are grateful to Dr. (Mrs.) B. Barua for suggesting the problem. = 
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THE MAXIMUM IDEMPOTENT-SEPARATING CONGRUENCE 
ON AN ORTHODOX r -SEMIGROUP 


M. K. SEN 
And 
N. K. SAHA 


Introduction. In [3], Sen and Saha introduced the notion of [ -semigroup and studied 
some properties of regular [ -semigroup. In a subsequent paper [4], we have defined orthodox 
[ -semigroup and have investigated some of it's properties. In this paper we describe the 


maximum idempotent separating congruence on an orthodox [ -semigroup. 


1. Preliminaries. We recall the following definitions and results from [2], [3] and [4]. 

Definition. Let M={a, b, c, ...} and Г ={«, B, y, ...} be two non-empty sets. М is 
called a [~-semigroup if (i) at beM and (ii) (а < 5) Вс=ах (b В с) forall а,Ь, ce M 
and for all <, В, є Г. 

Definition. Let M bea [~-semigroup. А non-empty subset B of M is said to be a 
[ -subsemigroup of M if B [^ B C В. : 


Definition. Let M bea [~-semigroup. А right (left) ideal of M isa nonempty subset J 
of M such that I [7 MC J (МГ IC I). IfJis both a right ideal and a left ideal then we 
say that J is an ideal of M. 

Definition. Let М be a [ -semigroup. An element a є M is said to be regular if 
aca М Г a, whreaf Mf a-—ia«bfa: beM апі <, ВєГ |. M is said to be 
regular if every element of M is regular. 

Definition. Let M Беа [ -semigroup. An element е є M is said to be an idempotent 


in М if there exists ап « є [^ such that e « e = e. In this case we say that e is an «-idempo- 


tent. 
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Definition. Let M be a [ -semigroup and aeM. Let beM and «,B«[^. bis 
said to be an (<, 8) inverse of a if a a«bfa and b-bfac«b. In this case we 


shall write b « v? (a). 


Analogues of Green's Relations. 


| Let M be a [ -semigroup. For each element a « M, the smallest right ideal containing | 
a is called the principal right ideal generated by a and shall be denoted by (a), . We similarly 
define (а), and (a), the principal left ideal and the principal ideal generated by a. We can 
show that 
(а), al MU {4}, (QMT a U {а} and =a MUM a UM al MU fg. 
Let M be a [~-semigroup. Let a,b e M. Define binary relations L, R, J, H and D on M 
as follows : | 
(1) aLb if and only if (а), = (D);. 
'Q) аЬ if and only if (a), = (5),. 
(3) aJb ifand only if (a) = (b). 
(4) ab ifand only if a L5 and aRb. 
(5) aD 5 if and only if there exists сє М such that aL c and cR b. 


We note the following facts about these relations in a [ -semigroup M. 


(a) L, R, H and J are equivalence relations on M. 

(D aRb implies c«aRe«b forall ce M and «eT. 

(с) аЬ implies a«ceLb«c forall ceM and < «Г. 

(d aRb if and only if either a = b or there exist «, є Г and c,d«M such that 
а= b«c and b — a f d. 

(0 aLb if and only if either а= b or there exist «, В e Г and c,d eM such that 
a=cxb and b = й ва. 


Lemma 1.1. Let M be a regular [ -semigroup and let ає M. Suppose e is an 
«-idempotent and f is а f-idempotent of M with eR aL f. Then there exists a unique 


be VG such that a B b = e and b «a = f. 


Definition. A regular [ -semigroup M is called an orthodox [~-semigroup if e is an 
«-idempotent and f is a f-idempotent of M imply e xf, fxe are f-idempotents of M. 


The maximum idempotent-separating congruence on an orthodox [ -semigroup 4l 


Theorem 12. А regular [~-semigroup M is an orthodox [ -semigroup if and only if 


for a, be M, Xis € £i, Bs, € Г, a' € ye (a), p є. v? (b) imply that 


V Baal «У (аЬ) and Daa eV (а В, 0). 


Lemma 13. Let М Бе ап orthodox [ -semigroup. Let ae М. If a'e p (а), then 
for any «-idempotent e of M 


(i) ауеха, ахеуа! are &-idempotents and 


(i) a’ деха, a'«e8a are y-idempotents. 


o 9, Maximum idempotent-separating congruence on an orthodox [^ -semigroup. 
We first prove the following results. 


Lemma 21. Let M Бе а [--semigrup. Lei а,Ь M. Then a Hb if and only if 


there exist a ' є Ve (a), Б'є vè (b) such that ay a! = Бур, a'8a= b 8b. 


Proof. Let 4 H b. Then aL b and aRb. Now aLa' 3a. Also aRaya’ 
Again a Rb. Then aya’RbLa’ 8а. It follows from lemma 1.1. that there exists a unique 


Be V 20) such that byb’ = ауа, bd Ba. 


Z ? , us ô 8 
Conversely, let aya = by b, a'S8a=b' 8b for a'e y (a), b є y (b). Then 


aRaya —byb'Rb. Hence aRb. Again aLa’S8a=b'ShLb. Then aL» 
Hence a H p. 


We have defined І, Капа J in terms of principal ideals, The inclusion order among 
the principal ideals includes a corresponding order among the equivalence classes as follows. 
І, S L ifMravid CMIb U fh. р 
Ra < К, if aTM Ufa COTM U (bj, where Misa l'-semigroup. 

Also, we get L yi à S Las А, isse < Ras for every a, x eM and y, y, e T. 


Definition. Let M bea [ -semigroup. A congruence on M is defined as an equivalence 
relation p on the set M stable under left and right [^ -орегайоп. Thatis for every a, b, c e M. 
(a, b) єр imply (c «a, c « Б) ep and (a«c,b«c)ep forall «eT. 


42 M. K. Sen and N. K. Saha 


Let M bea [ -semigroup. Let p be a congruence on M. We define (ap) x (bp)=(a « Б) р, 
for all ap, bp є M/p and for all «є Г. This is well defined, since for all a, а", b, b/ in M 
and for all «eI, ap = a'p and bp = Ур imply that (a,a')ep and (b, bep. Then 
(ах b,a =) єр. Hence (a < b) p = (a < Б) p. It can easily by seen that M /p is a 


[ -semigroup. 


Lemma 2.2. Let M be a regular -semigroup and p be a congruence on M. If ap is 
an «-idempotent in M/p then there exists an «-idempotent e in M such that ap = ep. Moreover, 


e can be chosen so that R, < Ra, Le < Lg. 


Proof. Let ар be an «-idempotent in M/p. Then ар < ар = ар. So, (а < а) p = ap. 
Hence (а, а< а) єр, Let x є У (а « 0). Then (a« а) y x8(a«a) аха and 


х (аха) ух = х. Let e=ayxda, Then e is an «-idempotent. Now, (0, а < а) єр 
implies that (ay x8a, ay x8a«a)ep. Again (а, а < a) «p implies that 

(ayx8a«a, axayx9a«a)ep. Hence (ayx8a, ахаухда«а) «р. Then 
ep-(ayxóa)p-—(axayxóa«a)p-(a«a)p-—ap. Now, itis clear that 
e=ayxda hasthe property К, < R, and L, S L, 


Definition. Let M bea | -semigroup. A congruence p on M is said to be an idempotent 
separating congruence if e is an «-idempotent, f is an «idempotent and (е, f)ep 


then e — f. 


Theorem 2.3. Let M be a regular [ -semigroup. If p is an idempotent separating 
congruence on M then p С H. 


Proof. Let p be an idempotent separating congruence on M. Let (a,b)ep. Let 
а! є И, (а). Then (ауа, Буа) єр and hence (Буа) р = (ауа) р. Hence (Буа) р 
is а ё-ійетроќепї in M/p since (a у a’) is a 8-ійетроіепі in М/р. By lemma 2.2 there is a 
9-idempotent e in M such that ep = (by a) p and R, < R} ya : Now ep = (ауа!) ^ 
Hence e = aya’, since p is an idempotent separating congruence. Hence 
К, = К, pa S в, < Кр au X R, Similarly К, < Ra. Hence a Rb. Using closely 


similar arguments we can show thata Lb. Hence a Hb. Hence p C H. 
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Theorem 2.4. Let M be an orthodox [ -semigroup. Define a relation и on М by 


8 8 
u= {(a,b)eMXM: there exist y, ôe T, a eV, (а), Б є V, ©) 
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satisfying a«eya' —b«eyb' and а дека = Б Seb for every «-ійетроіепі 


e of M |. 


Then 4t is the maximum idempotent separating congruence on M. 


Proof. It is immediate that и is reflexive and symmetric. Let us prove that x is 


transitive. Suppose (а, Б) є и and (b, с) «и. From (a, Б) e it, there exist 


y 9eLD, a' «Y (0, M «Y^ (0) such that ace yal = b«eyb and a’ дека = b deab 


for every «-idempotent e of M. From (b, c) є н, there exist 

8 $ | | 
Tr 8, Е Г, b* є E (b), c* є Va (c) such that b Bf» Ь* = с Bf c^ and 
b* 8, f Bb = c* 8, f Bc for every -idempotent f of M. - 


Now, byb'8a—byb'8aya'8aya' 8a 
—byb'8(ay(a 8a) уа) 8а 
—byb'8by(a'8a)yb'83a (a! 3a is y-idempotent)- 

(by (а 8а) уБ) 8а E 3 

—ay(í(al8a)ya' да 


1 


= @. 
Hence b y bt ô a = а ET 5, .. (D 
Similarly we can show that by b8c—c  .. (2) : 
a yı (b ô b) ya = by, (b* 8, b) y Dl (b* 8; b is y,idempotent) Е 
ES us (since b* « ү A) .. Q 


Let a =b* 8 bya byb. 
ауада = ay b* ôb ya Shy b' 8 a= (ау, (b* $ В) y a’) 8 (b y b' 8a) 
= b yı (b*àibyb' 3a ( b* 8, b is y;-idempotent and by (1)-) 


= ру} ба (since 5* e УЗ (9) x ML 


=a (by (D) 
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4$aysa—b' SbyaS(byb 8а) y b Sy Буа Bbyb 
= 8 bya 8 (ау, (0*3 В) ya’) byb (by (0) 
—b8,bya 8Bbyb Sbyb' (by (3) 


cB b yg Sb yb. ra 
Hexe ae у? (a). Next let 2 = 6% 86у, c* 8,0 y VV, 


єу1с ёс = (су, Ф* 8; b) уз 0) 8,6 y b 8c 


= by (b* 2, b) y, 0 8, by b ёс (0* $, b is y,-idempotent) 
=byb ðc (since b* e y 71 @) 
LER : (by @) ` 


Similarly cS сус = c. Hence ce rè, (c). 
Now, a «xey a= (а < (ey, b* 8, 5) ya) Bb y b' ; : : 

= b < fey, b* $, By b' dbyd' (b* 6, b is y,idempotent and e is 
«-idempotent, hence e y, b* 8, b is 
an «-idempotent) 

=b xey b? db yb 

= (b «(еу b* 8, b) y, b*) ô, b y b’ 

= сх (еу b* 8 Б) у с* $ by Dl 


= сеу с. 
a9exa = * sby (а 5 (byb ёе) aa) 
= b*àjbyb'8(byb'óg)«b (byb is 8-ійетроіепі and e is 
«-idempotent, hence b y b’ 8 eis 
«-idempotent) 


= b* Si byb’ set b (since ЫИ? (Ы) 

=b* 8, b yı (b* i (Ьу 8 е) (віпсе bey») " 
= b* § by с* 8, (byb ёе) хс ` = 
= сёеєс. , 


Therefore (a, с) e и. Hence y is transitive. 


The maximum idempotent-separating congruences on an orthodox [~-semigroup 45 


Let (a,b) e p and c «€ М, Then by definition there exist у, $ є I' and 


ale MO VeV5() such that ageya =beeyb and а веха Б deeb for 
every <-idempotent e of M. Now, a «V : (а). Let xeV à (a 8a Bc). Then it follows 
from theorem 1.2 that х,а eV З (ауа 8а Вс). Hence 

хау авд. @ 

Similarly from b’ є v? (b and xe V i (a! 8 а B c) applying theorem 1.2 we get 


xh eV? bya Sap m .. O 

Now proceeding closely similar to (1) it can be shown that 

bya’ 8а =Ь... (6) and Б дауа — b' ... (7) and а ёауБ = Ы ... (8) 

aya 8b-b .. (8) 

Hence from (5) x ô, b’ « rè (b B c) " EC 

Let ga 89a8c«eys;x95a ёа. И follows from lemma 1.3 that (28a Bc) «ey, x is 


8,xidempotent. Also а’ $ a is y-idempotent. Hence g is y-idempotent. 


Then А 
(а В с) «еу (х Seq’) may (а ёаВсхеуьх а $ а) уа 
—-bya'óaBc«eysx9,a Sayb! 
— (b B o) < e ys (x 8 D^) (since by (6) b y a 8a = b 
and by (8) a’ 8. a y b' = b’) 


(х 9. а) 5е «(а Вс) xày(aBex«a)Bec-mxà,b'Óe«bBc 
= (x 5, Б) õe x (b 8 о). 
Thus (о Вс b Во) є. 


Next let у є y» (сВауа). Also а єр И (а). It follows from theorem 1.2 
Dio ys V»(cBayd 8d. Then d'yye rÈ (Ba) .. (10) 
Similarly from y« y (cBaya) and b'e Mo we get b' yape y» (Bayad 8B). 


Hence b’ узр є die (c B b) (since by (8' ауа 8 b = D). 
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Then (сВа) «ey (à узу) = cB(a«ey a) уу = сВЬхеёуЬ узу 
= (СВБ) «еу (Б Уз У) ET .. — (11) 


From lemma 1.3 it follows that yo;ex(e Baya’) is wyyidempotent. Also, a y a’ is 
S-idempotent. Hence (a y a уз (y9se «c Ba y a') is £-idempotent. 


(a ys y) ех (c Ba) = а $ (ауа ysy9se«xcBavya')8a 
= b’ ô (a y a’) ya y ŝa e x c Baya’) ôb 
= (b'óaya)ysy9se«cB(ay a' 5b) 
(b ys y) 83 e « (c B b) (since Бу (7) b/ Ba y a' = b' and , 

by(8' aya 8b = Б) .. (12) 


i 


From (11) and (12) it follows that (c B a, c B b) є р. Hence u is a congruence оп M. 


= 


To show that p is an idempotent separating congruence on M,.lete and f be two - 
«-idempotents of M such that (e, f) є u. Then ne definition there exist 


y, 84e Г, е уй , (©) еў » 60 such that 


е» ўе E and e' grec f' 8, ру ў for every ИСУ, 
Then e«ey,e —fxey,f'. Hence ey,e' =f4 eyf! ... (13) 


Now, by definition e'B,e « e = f'B,e« f. Thus e'B,e = f'B,e«f .. (13) E 
Hence е’ е =f’ bea fef =f nef .. ES ""ü4) ^ Е 
Again by definition e « f y, е = f «fy, f! — fy, f'. Hence ae foe = ех fyf. 
Thus e% f ya c&-exfyf' .. xe. (15)7 Е 


ae 4 


Now, ex f - eye see ў (since e ey 21 (9) 
4 


= еу, (е sex е) еу Sex f) (by 14) 
= ey, e 84e (by 13’) f ` _ экз тл: 


== e. 


ea fmeetus af Cine sev p) 


= (ex fye) 84 f - (by 15) - EE. 
= (fx fyf’) daf (Бу definition), ОРИЧ" 
mn UNI. ос 


Hencé е = f. Thus p is an idempotent separating congruence on M. 
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Finally, suppose that р is an idempotent separating congruence on M. Let (a, Б) єр. 
Then it follows from theorem 2.3 that a Н b. Hence from lemma 2.1, there exist 


a! є у? (а), M ev?) such that aya’ = byb, а a=b 5b. 


a = а дауа =a 8byb' and b —b'8byb'—a' Gay. 
Since (a, Б) єр, (a ёа, 4 $ b) ep and accordingly (a 8a y b, а 8b yb’) єр. 
Hence (b', aep Now (a,b)ep. Then (a«eya', b«evya')ep. Also (a', b’) р. Then 
(b«eya,bxeyb')ep. Hence (a«eya', bxeyb')ep. Then a«eya' —bxeyb, 
since both are 5-idempotents. Similarly we can show that a’ Sexa=b'dexb for every 
a-idempotent e of M. Thus (a, b) e н. Hence p C p. Hence wis the maximum idempotent 
separating congruence on М. 

Note: Every semigroup can be considered as a l'-semigroup in the following sense. 
Let S be an arbitrary semigroup. If S has no identity element it is easy to adjoin an | 
extra element 1 to the set S. Then if we define la = al = а for alla in S and 11—1, 
S U {1} becomes a semigroup with identity element 1. The notion S! means the following. 

S! — ( Sif S has identity element 
S U {1} ortherwise 

S' is the semigroup obtained from 5 by adjoining an identity element if necessary. Let 
Г = {1}. Putting ab = alb it can be shown that the semigroup S' isa l-semigroup where 
Г = {l}. Hence we can claim that the theorem 2.4 of the paper generalizes the corresponding 


result of [1]. 
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CONSTRUCTION OF ENTIRE FUNCTIONS WITH GIVEN ORDER 
POINTS AND TYPE POINTS REPRESENTED BY MULTIPLE 
DIRICHLET SERIES IN SEVERAL COMPLEX VARIABLES 


B. C. CHAKRABORTY and MD. MUKLESUR RAHMAN 


Abstract; We consider entire functions of several complex variables represented 
by multiple Dirichlet series. The object of this paper is to construct some entire 
functions represented by multiple Dirichlet series with given order points and -type 


points. We also discuss the convexity of a few sets associated to the order set aod 


x 


type set of a function in С", 


l. Notations: We denote complex and real n-space by C^ and R^ respectively and 
the set of non-negative integers by Z, so that Z” will be the ‘Cartesian product of m 
copies of J, We indicate the points (55..., Sa), (o5... Фа), (P... Ma) etc. of C^ or R? 
by their corresponding unsuffixed symbols 5, о, m etc. respectively. 

For s, wé C^ and « € C, we define 
s = W Iff S: = Wp i = l, N3 5 4 W = (S, + Wi. Sa F Wa) ; XS = (Sg... S5): 
SW = SW +... d $Waidsi—ílsl]l*--. t [a PP Also for х, у € R^, we 
say that x < y iff x, < у, i-—l..ni;x-«yiffíxzybut хр у; 


and x << y if Xi ye і == l., п. 
The positive hyperoctant R} in R^ will be 
R? ={xix€R, x20, i= lnn} c _ 
ty 
and || = fp t.t fee 


t 
n t — 1 
For sé Œ, t ER, we set 5 = 8...5, 


For KER, k = (&,..., k). 
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An unorthodox notation: In the definition of a multiple Dirichlet series we 


oo 
taken sequences { № } »(j=1,...,2), of exponents. We shall often require the 
т .-1 
3 


n-tuple (Aim aes Anm ) of those sequences. For brevity we denote this tuple by 


№, m SO that 5. №, m Will mean s, Mn, q.s Sa Xam - 
t * 3 n 


2. Let 2 be the family of entire functions f in C^ represented by a multiple 


Dirichlet series 


со 


(2.1) б) 2 LEAL 


1т 1 = 


din, 5 
where 5j = 0; + i; C(j = 1,... п), а € Cand (A5, } , ае n sequences of ex- 
` 3 m,m 
: 7 
ponents satisfying the- conditions - 
(2.2) 0 «A4 <...< Ав о ask 9 , for j = ln. 
Throughout we tacitly assume that 


Q3) - lim 10879 Olje lpn). 
Mz -> оо Aim, _ > 


we know [1] that if (2.3) holds, then the domain of convergence of (2,1) coincides 
with its domain of absolute convergence, Also we know [2] that the necessary and 


sufficient condition for the series (2.1) satisfying (2.3) to be entire is that 
; log | du | 

24 lim su Um iUm] = 

( ) Jom || P ПА, m dl 


Corresponding to any f€ 2 we define the maximum medulus function: on R” by. 


М (о) = М (о, Г) = max |f(s]. 


ге $—0c 
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Definitions Let f€ Q be given by (2.1. Let Br c Ri be the set of points 
«t R, such that for every «€ B, 


Q.5) log M (o) « ei 9... pem C) 
for any € > 0 and for sufficiently large ic ||, c € В. We call the set By, (closure 


of By) as the order set of f. If By = ф (empty set), then f is said to be of infinite 
order. The set 5By, the boundary of By, is called the order of f and any point РЕВ, 


is called an order point of f. 


Next, let us take рє 5B,, (P 0) and denote by Т, (0) the set of all TER, 


such that 


(2.6) log M (o) «< (T, + e) e: Ёз 4...4 (Tate) es Pa 


for any є > 0 and for sufficiently large | с |, cCR; . We call the set T. (0) as the 


type set of f corresponding to the order point p. If Т, (р) — Ф (empty set), then f 
is said to be of infinite type. The set $Г, (0) is called the type of f and any point 
7 € òT, (р) is called a type point of f corresponding to P. 

We define the reciprocal order set of f as 


+? 


Bri = {a:a€R", a; >0(i=1,..., n) such that (6.2) CA). 


3, Theorem 1. The reciprocal order set of fé Q is convex. 


Proof: We have.shown [3] that «€ B, (< >> 0), iff 


Am Anm 
i. log Ат +... + x 2. log dam 


ty an 
— log | am | 








(3.1) lim sup < 1 


| m || — со 
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and « € OB, iff equality occurs in (3.1). 


<; э 5 "m 





1 1 р 1 
Let. ы —— ~} LO e 1 
е ' 7B CB, , where - ( \ ; 


Then —Xm | (4, + ©) —Àn Ay + 
| am| < Aim, Un : sia Ani gs А 9 


n 


Am, [ite 


ees Лат 


—Anm n € 
and | am <А, 108. + ©) 


for all large || m|| and є > 0. Hence for every 1(0 <; < 1) 


t 1—1 t 1-1 | 

Exi E bebe + aH 
Bu. ate + Bite | Anm -+ 

| 45 | < Am, 


с 


fór all large | ml}. This shows that 


t 1—1 
"EU 





- € Be 


and hence B; is convex. 


Lemma 1. For any « € Rt with a, > 0, (i = },.., 7), there exists an entire 


multiple Dirichlet series whose order set is bounded by the hypersurface 


че qp Ži, 
p quet Pa 


Proof: For given +, let us suppose that 


" ME 
f(s Ж ex -7 exp {s ‚ А a Аш, = te, i= 1, эз п). 
t= : : 
Then 
a,, = 17%, for those m for which A, = <; and 
$ 


== 0, otherwise. 


Obviously, f is entire. Now P >> 0 is a point of the order set of f iff 
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5 № m 
i. log A,  -F...4- * log Au. 


h, 
Pi 1 Po 


— log | an | 








lim sup «1 


ll m || оо 


that is, iff 


tti log f «4 dubii log t <, 


lin sup Pi Ра 
t > со і Іор t 





Hence, the order set of f is bounded by the hypersurface 


Br +.. + Šu = 1 
fi Ра 


Theorem 2. Let S be a convex set in the absolutely positive hyperoctant (i.e. 


every point of S is >> 0) such that for every point a € S, all points a’ with 
0<a;<a{i=1,...,”) are in S. Then there exists an entire multiple Dirichlet 


series whose reciprocal order set is S. 


Proof : Let the points p;, ps, ... form а countable dense subset of Ss € int R'.. 


Let us suppose that 


(3.2) «ху Р... dX, к= 1 


be a supporting hyperplane of S passing through Pi. By hypothesis on S, we have 
ху; > 0. By lemma 1, there exists an entire function 


2o 
1 А 
RO= Z т е (ses) № = Eu Gel on) 
whose reciprocal order set is bounded by the hyperplane (3.2) and the coordinate planes, 


For every i we choose N; such that 


со 
- ] A 
А (5) = 2 -p OP (5.8) < -> for Re 5; < i, 


= 


- 54 R. C. Chakraborty and Md. Muklesur Rahman 


Ma, = tag (j= 1, a n) Ne tie +... Ni кы > P and for every point (руг, ..., ра) € S 


А № 
pi Mi Раі 


Га | < Ам, lee 


where a‘, аге the Dirichlet coefficients of fj. Let us süppose that 


Clearly f is entire, Since all coefficients of fr are non-negative, the maximum of 
|f] on a poly half-plane is the sum of the maxima of | fi | and hence the reci- 


procal order Set of f lies in the intersection of the reciprocal order sets of f, which 
is S. To prove that S is the reciprocal order set of f we write, 


Рб) = 2  baexp(s.Aonm] 
[ml =1 


and -it suffices to show that for every (руї, ..., p^ ) €S 














Ам nm 
p 1 log Am, Ted p 2 ` log А = ~ 
lim su : z gi 
Choose i, such that + <¢/2 and || т || so large that E 
e 
2 Aim Аа 
с 1 RENE ТД 
і, —1 pyte/2 | pPnte/2 
EP | On? | <А 7. Ааа 
j= 1 1 n 
Now, 
| Im || 
[bals X Дайра X jdi] 5 |а 
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DR As | | m Aam 
— —— 1 = Gui тч > кем z . 
ру te/2 Ръ+[2 £1 T 1, Pat Li, 
< № C we Ànm ~. t || m |] Am адан 
1 n 1 4 n 
for sufficiently large||mj|. So, 


Aim Aim 
log | ba | < — ( — р ФП Іов Aim, Tes HE 108 Aam, Tlel tmi). 
Hence, 


№ Nam 
log Àm +... 

lim sup i = га E < 1 
lm || > oo 2 — log | bn | 











Lemma 2. Let « and p be two n-tuples of positive numbers satisfying 


zou ml 
= Pn 


Also let the set of points Т СК" be such that T, = 0 (I7 1, ..., n). Then there exists an 


entire multiple Dirichlet series with P as an Order point and whose type set corres- 
ponding to p is bounded by the hypersurface 


n 
E .*..]og 7, = log К (constant). 
I=] Pt 


Proof. Let us consider the multiple Dirichlet series 


/ (5) = z [2 П (22) 11 ке] exp (s, №, m) Àm = £x. 


p 
i=] © 


—_ 


to 


Since the function f satisfies (24), it is entire. Also we can easily show that equality 
occurs in (3.1) for the function f. Hence p is an order point of f. We know [3] 
that T is a point of the type set of f with respect to the order point p iff 








№ Аа 1 
е ve MET 
li - Pn [| ine m < 
ates | (Gal Ta ) | 
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Now, for the entire function f as constructed above, T is a point of the type set iff 


n n 62s 
lim sup [ pd. H ( 2 ) 612 key П (fy tle (Ы 
1 —> оо t jm] A i=1 


ie. the type set of f is bounded by the hypersurface 


, 
2 > log 7; = log k. 


i=l 1 


Thus the lemma is proved. | 
Theorem 3. Let the set log T = { (log Ti, ..., log Т.) } be convex and such that 


all planes of support have outer normals in the positive hyper octant К" . Then T 


is the type set of some entire multiple Dirichlet series for a prescribed order point p 
with р; > 0, i=l, n 


Proof. Let the points Q4, 92, ·.. form a countable dense subset of points on the 
boundary of log T. For each ф we can find a supporting hypersurface 
JS" рор T, +...+ C dog T, = C, where «s > 0 (jo 1l, ..., n) 
Pi Po 


and C, = 1,0 ог —1. By lemma 2, there exists a multiple Dirichlet series 


Am x ct П (PL) IP ey exp (s dnn}, 
t=1 j=l “h 
As, = t xj (J—1, ..., п), log kı = C, whose type set at the point p is bounded by 


Eon log Ta = log k. 


ul 
log T, 
Do og T, +...+ 
For every i we choose N, such that 
Áo z des md -BL "HIP eye exp (з. а) d 


Mn, -ofxg(j1,.4n) for Re sy <i, M «u +.. + М, «а > i and for every 


(Т, ..., Tn) € T, 
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s oo - 
for sufficiently large || m || where а is the coefficient of fi. Let f= = fi. 
[== 


Clearly f is entire, To prove the theorem it suffices to show that for every (Ta, .., T.) ЄТ 





Am Anm 1 
- Ла ыгы. nm LAS. mE 
lim su ba | (ay Pa un a) Pa nml <il, 
ев | нет Ита | 


whère bns ‘até the Dirichlet coefficients of f. ^ We choose i, such that 1/7, < є/2 and 
i] m || so large that 
А Anm 
i n 





M [а г< [22512 | Lu » [endete | Pa 





у= 1 Хт, 
Now, 
Im, ЫЕ у Іт, 
[bn | < Z la, l= Z ja, | 2 dw. | 
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А Ànm 
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[92221 Py с Pn 
Aim 5 nm 
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For sufficiently large || т 1. Hence it follows that 








№ Ànn 
note ЭН LI He 
it E eo ^ Wi 
lim sup | [bn I ( 1) du салу ] aml <1, 
[т || — 00 "C cep py Ts 

This completes the proof. 
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SYAMADAS MUKHOPADHYAYA 
( 1866 - 1937 ) 


M. C. CHAKI 


Syamadas Mukhopadhyaya was born on the 22nd. June, 1866 at the village Haripal 
in the district of Hooghly. His father Babu Ganga Kanta Mukhopadhyaya was in 
the judicial service. He had his early education in the village pathsala. As his father had 
to move from place to place in connection with his judicial duties, young Syamadas 
had his collegiate education at the Hooghly College (now named Hooghly Mohsin College). . 
He took his B.A. degree from the Hooghly College and obtained his M.A. degree in 
mathematics from the Presidency College, Calcutta in class П in 1890. In 1909 he won 
the Griffiths’ Prize of Rs. 900 of Calcutta University for his essay entitled “On the 
infinitesimal analysis of an arc”. Next year he was awarded the Ph. D. Degree in 
mathematics by the Calcutta University оп the.basis of a thesis entitled “ Parametric 
coefficients in differential geometry of curves". It may be mentioned that he was the 
first man to obatin a doctorate degree in mathematics from the Calcutta University and 
perhaps he was also the first Ph. D. in mathematics in India.  Mukhopadhyaya joined 
the Bangabasi College, Calcutta as a Professor of mathematics in thesame year in which 
he passed his M.A. examination. After serving this institution for some years he entered 
the Government service as a Professor of mathematics in the Bethune College, Calcutta. 
Here he was called upon to deliver lecture not on mathematics only but also on English 
literature and philosophy. In 1904 he was transferred to Presidency College, Calcutta, 
as Professor of mathematics and held the same post from 1904 to 1908 and again from 1909 
to 1912. During the period 1908-1909 he wasa Professor of mathematics in the Hooghly 
College. When the post-graduate department of Pure Mathematics was created in the 
Calcutta University in 1912. Sir Asutosh Mookherjee who was then the Vice-chancellor , 
of the Calcutta University invited him to join the department and undertake the task of 
organising it. He accepted the invitation and did his job to the satisfaction of Sir Asutosh. 
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He served the department from 1912 to 1932, holding the post of a University Professor 
from 1926 to 1932, when he retired from the University service. After retirement he 
went to Europe with a Ghosh Travelling Fellowship of the Calcutta University to study 
methods of education in some European countries. He studied carefully their methods 
particularly of Fascist Italy, and on-returning to India wrote a series of memoirs. 


He was a founder member of the Calcutta Mathematical Society and acted as a 
member of the Council of the Society till 1917 when he was elected a Vice-president 
of the Society. After the death of Dr. Ganesh Prasad, Hardinge Professor of Higher 
Mathematics, Calcutta Uuiversity on the 10th. March, 1935 he was elected President of 
the Calcutta Mathematical Society in May, 1935 and continued as such'. till his death 


in 1937. 


"Prof. Mukhopadhyaya was a dedicated teacher. His affection for the students was 
parental. He was always ‘ready to help them in their mathematical work. Among his 
students who later became ‘noted mathematicians and [ ог statisticians, mention may be 

made of R. C. Bose, a world famous statistician who was an emeritus ^ Professor of the 
State University of Colorado, U.S.A and died in 1987. In Prof. Bose’s words “ the 
kindness, encouragement and stimulus provided by Prof. E to his students 


had a profound influence on their mathematical career ° 


Professor Mukhopadhyaya was married and had two sons and two daughters. 
He- got the first great shock in life at the death of his eldest daughter in 1935. At the | 
time of his death in 1937 he was survived by his wife, two sons and a daughter. 


Photography was one of his hobbies. At one time he was a keen amateur 
photographer of no meam order. His other hobby was rose culture. He had a rose 
garden in his country-house at Mihijm which was unique in India because he enriched 
it every year by directly importing айй froni England, France, Holland and other 


European countries. 


He avoided the glamour of public life and kept himself absorbed in his own ' 
work seeking regular relaxation in his favourite rose garden at Mihijam. A man of broad: 
sympathies and wide culture, he Һай an innate love for literature and philosophy. In the - 
Words of Prof. G. D. Bhar, one of his former students, “ His love for the "beautiful and ` 


the sublime found expression in his ardent passion for rose culture " 


éf . 

` Contributions to Mathematics 
Prof. Mukhopadhyaya was essentially a geometer. It is likely that he imbibed his 
love for geometry from his eminent teacher Dr. William Booth, M.A., Sc. D ( Dublin) 
at the Hooghly College who was then well known for his geometrical researches. 
Mukhopadhyaya's promising potentiality in geometrical research was detected at an early - 


age. In fact, in a very short time after taking his B.A. degree he solved an intricate 
geometrical problem, a fact recorded in M’clelland’s ‘Geometry of the Circle’. 


His research contributions to geometry were outstanding for their originality and 
novelty of treatment. The bibliography of his published works appended at the end of — 


this article will give an idea of the scope of his research interests. 


His contributions to geometry may be broadly divided into four parts as follows : 

Part (1) dealing with the properties of plane curves, specially in their infinitesitnal regions by 
: synthetic method, 

Part (2) dealing with plane hyperbolic geometry; 

Part (3) dealing with differential geometry of curves and 

Part (4) offering a suggestion of a stereoscopic device for visualising figures in four-dimens- 

ional space. 

In part. (1) he developed new methods which evoked interest in certain mathematical circles 

abroad, for example Professors Hadamard, Engel and Blaschhke were interested in his work. 

These methods led to a iarge number of theorems on the existence of minimum number of 

cyclic and sextactic points between two points of a given curve, on the nature of certain 

ranges of points on a curve, etc. Of these theorems special mention may be made of the 

following two : | 

Theorem (i) The minimum number of cyclic points on a convex oval is four ; 

and ET 

Theorem (ii) the minimum number of sextactic points on a convex oval is six. 

These two theorems published in the Bulletin of the Calcutta Mathematical Society 
in 1909 ( Vol-I, No. 1, pp. 31—37) were rediscovered in Europe much later and have since 
then been the subject of investigation of a number of eminent mathematicians. Theorem 
(i) is now famous and is quoted in literature as Mukhopadhyaya's four vertex theorem. 
(see Differential Geometry, H. Guggenheimer, McGraw-Hill, New York, 1963 p. 30; 
Differential Geometry, J. J. Stoker, Wiley-Interscience, 1969, p. 43; Elements of Differential 
Geometry, R. S. Millman and G.D. Preker, Prentice-Hall, INC, 1977 pp. 66, 68). 
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The first proof of this theorem is credited to Mukhopadhyaya by W. Blaschke in his 
book 'Vorlesungen Uber Differential geometry, Springer, Berlin, 1924 where further references 
to the literature on this theorem are given. 


Subsequently, Mukhopadhyaya generalized these two theorems as follows : 


Theorem (i). If a circle C intersects an oval V in 2n points (n > 2) then there exist at least- - 


2n cyclic points in order on V, of alternately contrary signs, provided the oval has continuity - 


of order 3. 


Theorem (ii). Ifa conic C intersects an oval V in 2n points (и > 2), then there exist at least . 


2nsextactic points, in order on V, which are alternately positive and negative, provided V has 
continuity of order 5. 

In рагі (2) his contributions deal with a type of Non-Euclidean geometry, namely hyperbolic 
geometry. Research in Non-Euclidean geometry in India was initiated by К. Vythyanathswamy 
in 1914 [Journ. Ind. Math. Soc. April 1914, No. 2 pp. 58-61] Mukhopadhyaya’s first paper 
on hyperbolic geometry appeared in 1920 and was followed by a number of other papers on 


this geometry. His contributions resulted in the important discovery of the rectangular - 


pentagon and in his beautiful geometrical interpretation of the Enger-Napier rules. In 


collaboration with R. C. Bose and G. D. Bhar, whose names have already been mentioned, - 
he extended to all types of hyperbolic triads of lines and points, the well known concurrency . 


theorems of the. angle bisectors and the right bisectors of the sides of an ordinary 


triangle. | 


In part (3) dealing with Differential geometry, geometry of curves he introduced for - 
n-dimensional space curves certain differential forms called by him parametric coefficents ` 


by means of which he expressed many invariant properties of the curves. The distinct - 


merit of the method of parametric coefficients of Mukhopadhyaya lies in the fact that it^ 


achieves by elementary method, results which have been obtained by advanced analysis, 


Mukhopadhyaya's contribution in part (4) consist of a suggestion of a stereoscopic device 
for visualizing figures in four-dimensional space and his discussion with Prof. Bryan about 
this device. Prof. Bryan also published a paper in the Bulletin of the Calcutta Mathematical 


Society suggesting another device and claiming that it was superior to that of Mukhopadhyaya.. - 
A reply to this criticism was printed in the pages of the Bulletin in which Mukhopadhyaya -- 


wrote as follows:: 


s 
-——1] 
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“ I до not however see апу good in further prolonging the controversy between us. 
Both of us have fairly stated our methods. It would lie with other mathematicians interested 
in the problem of four dimensions to accept or reject either. ” 

It has already been stated that Prof. Hadamard of the {nstitute of France was interested 
in Mukhopadhyaya's work. In fact, in a letter to Makhopadhyaya, dated Feb. 23, 1923, 
Prof. Hadamard expressed his opinion about Mukhopadhyaya's contributions made in parts 
(1), (2) and (3) as follows : 

* The interest of your researches on osculating conics, or even non-Euclidean geometry 
and parametric formulae in differential geometry of curves have been increased by comparison 
with memoirs published in a slightly different line by a Dane, Mr.Juel. Indeed the 
conjunction of both kinds of works ( Mr. Juel dealing with straight lines, you with circles 
and conics ) is likely, at my seminar, to prove of great power and bearing for further 
improvement of geometry. » | 

Prof. Mukhopadhyaya left an example of plain living and high thinking. The world 
of mathematics owes^a great deal to him. The object of writing this article is to preserve 
for posterity the memoir of the inspiring life and achievements of a great Indian geometer. 
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Applications of operational calculus : definite integrals 
and summations of series 


N. K. CHAKRAVARTY 


1. In the present note we list certain definite integrals and series summations involving 
special functions derived from the application of certain rules and sequences obtained for the 
operational calculus based on the multidimensional Laplace transformations. Since we are 
interested in their applications to definite integrals and series summations, we simply state 
these rules and sequences omitting their derivations which are easy consequences of known 


results of different dimensional operational calculus. 


The n-dimensional Laplace transformation of F is defined as usual by 


оо 
fip) pl exp (—p,x) F(x) dx, where f(p)=f(p,, р. . , Pa) with a similar definition for 
o 


n 
FOO, р=р, Pa © p, (р.х)= X p, xX, and dx=dx, dx, ...dx, the integral being over an 
i=l 


1— 
n-dimensional infinite Block, The convergence problem of the n-dimensional Laplace trans- 
formation occurs in the author's paper [1]. We call F(x) the original, f(p) the image and the 
operational relation between F and f is indicated by the notations. 
fcForF 5f;forn—-2byfcCForF DDS; forn=l byf с ForF Df. For opera- 
n n 
tional relations in one and more variables and the special functions used in the context we 
refer mostly to the standard works of Erdelyi et al [2], Voelker and Doetsch [3], Ditkin 
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and Prudnikov [4] and Poli and Delerue [5]. Our scheme of presentation is as follows. 
We state the relevant rules/sequences first and derive the desired integrals by briefly indicating 
their derivations from these. The conditions of validity of the integrals are stated. Deriva- 


tions of summation formulae are briefly stated. 


2. Definite integrals involving Bessel's functions 


oo 
If f(p) C h(x), then x" ^ fo)2T(G-- 1) p (ъи +... pu)" du, rev, re p>0, the 
ü 5 


integral being over the infinite Block. 


Definite integrals 
* v 
(i) From the known operational representations for Jo ((x?+2xy) )and x/(1-4-x?) 


(See [2], [3] ), we obtain 


(22,0) 
1 


у 


oo оо v+l 
| | Jo((2u? + 2uv) i (и+у+а) du dv—acsc(»--lyr)I(v--1) V 
оо 


where У (Y2) is the Lommel function of two variables, re p>0, ге a>0, rev —1. 


i —lją Ip 

(ii) Let h(x,y)=Jo (2(x+y) ) so that f(p,q)=(pe — —ge )/(р—9). 

— 1х —I/y —1/x —1/х 
Then f(x,x)—lim (уе —xe )(y—x)-e —e [5 

yx 
Therefore 
oo со 
1 vti 

| | Jo (2(u4-v)2) / (u+y+a) ' du dv 
оо 


= 21 Г(+1) а-#0—1) (K, 1 (2a?) —al) K 2 2a?) rea 50, te» р 1 


Gii) Leth (x, у, 2) = Jo Q(x4-y--z)3), then. 
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бр, 4 1) = qr / (а—р)(т—р)е P. + ep 1 (е9) (p—a) e-1/ a ра | (p-r(q—rje ^! 


Putting r=p+h, q—p4-k and then making h, k—o, it follows that 


f(p,p, p) — eii? (1—1 / p) ; and therefore 


со 00 i "S 
| | J, (2(u--v4- w) ) / (a4-v4-w 4-2) du dv dw 
o 


о 


0—7^8 


== 2[T' (vl) a 32) (K, 5 Qa) —а% K, 3 (2a t, re аро, re y >—Z. 
(iv) Leth (xy) = т (x+y) te — | &+y), So that 


f (p,q) = (рау (p? + q5/(p*--q5* + 1). Then 


T = БЕРБЕ. 
| exp (--uv/(u--v) (u--v) — (и+у-+а) du dv 
© 


0—8 


i v a [4 
т I@+h)/4FOo+De Г (}—», a | 4), геа ро, re v>—4 ; T(—, р) 


denotes that incomplete J-function. 


Rule 2. If f(p) C h(x) and 


oo 
Fe) =| (а, х) x )h(x) dx, where Us (.) denotes the generalized Bessel function, 
о 


- 


then pa f(alp^) с ax’ F(x), р>о, re А >—1, а? are positive constants and re p>0. 


When p=1, we have the following version of the rule. 


If f(p) Ch (x) and F(x) =| J; (a, D x /(a, o h(x) dx, then 
n o : 


п—А ЗА 
р  f(a/p) сах F(x) А, p and a satisfy conditions as before. 


jr. 
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Definite integrals. 
1— 14-» v i 
( Let fpq)—p . q/pqtl  ,sothath(xy) =x / Л(У+1) j^ (2(xy) ) 
D y 
ге у> —]. Then 


со co zs 
\ \ І, Байы)" х * 6 T ) / (au+byv) du dv=(abx) (1—с‹ѕ (ab) x), a, b» 0 
oo 


nd 


e 


РР — 32у 
| | J байк? x i u E Qe t ) / (zu-- bv) | du dv 
оо Зу 


Е. y—— i a`? a 36-9 x 2—1) bes (ab)? x), a,b>0, re v1. 


(ii) Let fpa) = pa (р+-9) (+p) (1+4) TÈ (+P + 149955 


so that h(x,y) = Je (3+y). 


? kd 
Then \ J, (2О(и-+Еу) VUA (u4-v) / TS du dv zr (x) 
© 


omg 


oo 
and | Ja Qa»! X ү Jg (u+v) / (u--v) du dv 
o 


o——7^8 


==$ (J (х) Но (х) — Јо (x) Н, (х)), Hg, Struve's function, 


(iii) Let f(p,q) = pq (p--a) ((1--p?) (14-98) ^3 (p--a95a-q(14-p55 7! ; 


so that h(x,y) = J, (x+y). Then 


o—7^8 


| 1, ооу! х 5 nos» | Gay as dy = x (х); 
о 
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omm} 


Р 31 
| J, (2(u-+v) x ) J, (u+v) / (u+v) du dv = J, (x); 
e 


3/2 


J; Q(u--v) x ) J, (u+v)/(u+v) о ду = т/ ax (2, (х) He (х) — Je (x) Hyx)) 


o——78 
0—8 


(v) Let (p,q) = ра / (p? + 1+ (q—p) (P? + 1)#; so that 


h(x,y) = Jo ((х? + 2xy*. Then 


0—8 


f 3 i 
| Ja (2(0+5У) x) Јо (u*--2uv) у | (u+v) dudv = (1—cos x) / x. 
o 


3. Definite integrals involving confluent hypergeometric functions. 


Rule. If f(p) Ch(x), h(x’) / x D¢(p), re p>0, 


oo ос 

then Ф(р) = 2p/ d exp (—14 р? 5°)) f (t?--s-?) / (14-52) ds dt. 
So 

Definite integrais 
—x n4i 


(i) Takingh(x) Ge х `, we have 


оо 00 
| | exp (—а? s?) s?n*1 / (14-52-5202) n+3 / 2 ds dt 
оо 

—% за? i 
= т? 2 Г(п+ 10) / (2а )е D_,,_; (a2) 
а>0, п> – }, 


2 vci 
(ii) Let h(x)=x у (1-4-x) and k= — зу, where —5 / 4 <те К<--1 / 4. 
oo со 
Then | | exp (—а? s?-- 3 (024-572) sH Wyst (t-- a7?) / (1--st2) 1+8 
оо 
=n] 2а°к+1 DQk-F3 | 2) (Hay (2а) — Ya, (22)), а>0. 


5 
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Rule2. Ifé(p,d) CCf(x,y) and (p) Cg(x), then 


oo 


(КТ 


o 


EUM 


= {к F(x,yy V (х)ехр (—vy) | x dx dy 
o 


Definite integrals 


Let fay) ex^ вук | POHD 1, ( 20y) 869 = exp (Пк) X > 
T Cdi [4 + + 
Then | | "à cda y Joi Q(xy) ) ka, (2x ) ет" dx dy 
оо , 
"m E 
=4(Q+1) гажд»)? ah heey Wa ay C) Te вте A— p), re (А2) >=} 


со со 
PETS 
(ii) | | Xx т. yë Jy, (2¢xy)2) К», (2x4) e- dx dy 
oo 


= т —tp G+) T(4—) yv a k,G» 


4. Convolution formulae 


It is well-known (see(3)) that if f, (х,у) DD 4, (p,q), j=1,2, then under suitable conditions 


y 
1/pq 4, (р.а) $. (p.32) СС | i^ (x—A, y—p) f (Ар) dà dp 
o 


Ocem y 


y 
2 f, Asp) fp (KA) y—p) dA dp f, (х,у) ж ж f, (х,у), 
о 


ao 


the convolution formula for the two dimensional operational calculus. 


The ster and stei functions are defined by means of the relation 
Но (21812) =ster z + i stei z, where Н о is the Struve function having the opera- 


tional representation Н o (2 oy) 5 (pq)?/(1 pq). 


ster 


Hence ^". 
stet 


Qa ээ 277% (pg? (1--ра) / (1--р* 9). 
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1 i 
By using the well-known operational representations for Ig (2(xy)*), Јо (2(xy)?). 


"d (2(ху)®у, we have the following convolution formulae. 


(i) (ster (2(xy))— stei (2(xy)*)) «« 1— ster (2xy))) + stei (2(xy)5); 
4 1 i i . у, 
(i) (xy)? +» ber (2(xy)*) = т | 42° (ster (2(ху)?) + stei (2(xy)*)); 
(iii) 8.2% 19a (ayy?! ae (ster (2(xy)?) + stei (2(xy)*)) 
à 5/2 i i 
—32.2 | 225m (хуу жж (ster (2(xy) ) — stei (2(xy) )) 


=1х?у? + ber(2(xy)2) =], 


ә 


^ 


i i 3 i 
(iv) 2.2 |m((xy) ** (ster (2(xy) ) + stei (2 (xy) )) 


j 3p j i 
—82/9s ( (ху) ** (ster Q(xy) )—stei (2(xy) )) 


=xy— bei Quy) ). 
(у) (ку)? 12 ** Stet oy b 


stei 


—93.2 [32 (1x*y?--xy +ber Q(xy) ) F bei Q(xy) ) —1). 


(vi) 1/2 (ster (2(xy) ) + stei (2(xy) ) 
=J (2(ху) ) ** ster Q(xy) ) 
= —I o (2(xy) ) ** stei (2(xy) ). 


5. Self-reciprocal functions. A special type of definite integrals involving Bessel func- 


tions is provided by what are known as functions self-reciprocal in the Hankel transform 
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defined.as follows. 


f(x) is self-reciprocal in the Hankel transform of order «-—(«,, «5, .. , «,) ie. fe Ro 


rd i« 
if f(x) =| (x/s) 
o 


[d 


i 34 
J (2(sx) ) f(s) ds, where (x/s) J (.) stands for 
« x 


n Зу i 
П (xis) J Q(sx)) re«-— 1, and f eL. 
i=l x, 


3 


The following formal rules for functions self-reciprocal in the Hankel transform of crder у 


may be easily verified. 
(i) If fp) C h(x) and if h(x) «К, then pl- O0 f(1/p)=f(p); and if 
n 


(0)—1 () 
p р) є к, {һеп х h(1/x)=h(x) and conversely. 


Also, if Хх)! f(x) є Roy then x 9229 p(9 (((х)/х) «RR, where m=(m,,....m,, ), 


) LiH dX 
m,—»,--2«, and p(« m MM ; the converse also holds. 
x € € 
8x, 1...0X, 


Gi) If у(х) D p һр), x hoo/2 р), then if у (x) є Ry then x"71 f(x) є Rin 
n n 


2s 0)—1 
where m,—2y,—2«,—44--2. Also, if x f(x) € К y then у (x) є Rm) А 
2B—p—1 
In particular if у (х) є Rej ‚те (p)>— 1, x f(x)e Rn m, =28, — py re m7 —1, 


4 


‚_ (и) . 
and if x f(x) є Ry then у (х) Ry, provided that 
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M 





n Р (8)+1 (B--1 n £41 
@рур= IT Г(В,1-1) № (s)/(p--s) ds, (p+s) xS (pi+s,) В 
1— 5 i= 


The following are certain examples of self-reciprocal functions derived from the above rules 
by using known operational relations in one and two variables, 


Using operational representations fcr 


Muto) — 1х Ae ee re 2 ?—% 
бу е Digi y@dx — KU» +) , 


respectively, we have the following self-reciprocal functions in Hankel transforms of order 


indicated with each example. 


(xe? d*p у (Qi) eR Lad ett); 


у Q.d(n—m—2),j 
(i) х ew (n--m), —4 (n—m) 9 * К-т: 


uns Р 
(iii) x? EK ($x) є К, where «=3y—4, re ›;>0. 


Again, from the operational representations for (pq)? / (р-а) ntl and 


x"[I(--1) Jo. (2(ху)ё) we have 


d) Gyr (ку) cR oL cima; 


< 
(у) ey] (х#-у%у 1, Reg 6011); 
(и) x» Qay9eR, „,ге»>1. 


6. Summation of series. In the following we use operational calculus to derive certain 


-summation of series involving special functions. 
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(i) From the known expansion formule for the Laguerre polynomial Lt (x) and the 


+4 
relations for L n (x) in terms of the parabolic cylinder functions Dn (X) and Dan 1 (x) 
it follows that 


ljn! 37 1/6(4k-+ 1) (1) 4 1/6(6n+2k—1) 1урќа2—% e HPA Di (ipg?) 


n 
sy per з= оон r 


r—o 


Interpreting both sides by the operational representations for 


4 —m —n ,—l/p 
рК gi Me {ра Dog /pg)andp ^q е [PA (See (3), (4) ) 


we obtain 
n 
Wnt x", Q3) =) Cur! Gods Span npg 09 
T=0 
Similarly 


n 
n 7 ) T n—i r 
IO 


where Jn’ п ©”) is the Bessel function of *troisme' order. 


A similar analysis with the expansion 


= ` 
Mk, m (x)=x™ E) | @Q+m—k), [От +1), т! х! leads to the expansion 
И T=0 р 


a—m 
x За m,2m (3х)= 
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со 

Г(а+т+1) / Г (2m 4-1) (т-а), /r! Qm-F1),, Xd m атт (3х) 
г=0 

re (т+-а) > —1, |х| <1. 


со 
(il) бшсе Tg Te CPNP М раве p течове apa 


ї==0 


it follows that 


3. (за Буд) (ъа) m+n) are RC ЖООДО... 
m,n (38-6) *) =(1+b/a) Dea ) [r! (ba^ ) x uy 


(iii) We have the operational representation 


xt y? LEP OYDDI (m+a+1) Г тЫ) | (m p? q79 (1—1]p— 1/9) 


where Lee (.) is the general and Laguerre polynomial 
1\2 ab -a,b 
T@+) Г @+1) (ш!) /Pmtatl)rm+b+) х\у LY? (х,у) 


x? y? J (—m, a+1, b+ 1, x, y=) (—m, p+r) / (84-1, ш) (b4-1, v) at uy bo, plv 
Hs Y 
Jo (.) being the confluent hypergeometric function of two variables. 


From the known operational representation for x? Li (х), А (.), Laguerre polynomial, 


we have xy? L? (x) Lb (y) DD 


2 n , 
Г@+а+1) r++ (a pa? Y'a 1. ly ggn; 
T=0 p q: 
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n 
from which (ху) Le (x) үр Mey гіра (а) ey pem btn=r x y). 
r=0 g 
n—r, 


n 
Stnce p ^q (1—1/р—1/а) " - Y С (ү) p- G- B1 1p) TOt (11у 
r=0 ‘ 


eo Ld 
it follows from the known operational relation for х? Мар (x), Te v>--4, 


(a1)? T (а+а-1) (оът) x? GE DD „—4 @+У) LAD yy 


n 
-Y' c» (DIT eter ф+г+1) OM yay ay, ioa) @ My cis) goo) © 


T=0 


where k=2n—r-+l. 


Similar formulae can be multiplied by using operational calculus of one and more variabtes. 
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On an integral equation connected with a 
differential system 


N. K. CHAKRAVARTY 


N, 
N, 
Mig 
Ra 
3 


Re ^t 


1. Introduction. The second, order formally self-adjoint matrix differential expression 
under consideration is ` 
where i) D=d/dx, U-(u(x). vt and 0—Q09- (P ч) 


апа ii) the elements р, q, r are real and summable on every finite interval [a,b], b>a. 
Let Н denote the basic Hilbert space H=L, [a,b) (where a=—oo', b=% may be 

allowed) and $ the set of all U-(u,)* « H such that U’ exists and is absolutely continuous 

in each finite interval [a,b], ba and /U e L, [a,b). 

Denote by $ A the set of all vectors U e H which satisfies the conditions 


а u(0)--aj u'(0)--a,4 v(0)-Fa, v'(0)—0, j—1,2 (1.2) 
where a, аге real numbers, A=(a,,, ao, aj, a,,) is fixed, the aj, 
satisfy а 85» + аз аа-а а„—а„ аз = 0 (1.3) 
and rank (a) = 2. 


Define the operator L A 85 follows : 
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for UeD A let L A U-IU; sothat L, is the differential operator generated by the second 


order matrix differential expression /U and the boundary conditions: (1.2); the domain 
of definition of L4 is $4. 

Let us dae the boundary condition at x—b as 

B, u(b)--B,, u'(b)--B, v(b)--B,, v'(b) -0 (1.4) 
where B=(B,, ,B, ,B,,,B,) is fixed, В, real and satisfies 

B,, B4,7- B, B,,—B,, By В, B44—0^ (1.5) 
and rank (B,,) = 2. 


If 4, (х) (х, у)! ,j=1. 2, be the vectors taking initial values 
Xj=8j9 GY, = а, X, =—Ay, у", ——a2,, j—1,2, at x = 0, then (1.2) and (1,3) reduce to the 
simpler forms 


[U gilo = . and [ф, Ф], = 0 where [0], is the value of the bilinear concomitant of the two 
vectors c,=(Cy,, eae (functions of x) defined by 


с © 
+ “ер | at x = 0. 
Cor Cag 





| бы Ge 
[e ®]= | C'u Cus af 


A similar representation also holds for (1.4) and (1.5) 
In view of the conditions (1.3) and (15) L4 (or a possible extensiou of it) is selfad- 


joint. (See Naimark (1), p. 73; Chakravarty (2), p. 138-39). 


When Q = 0 we obtain similary a self-adjoint differential operator TA to be called 
the Fourier differential operator generated by the sccond order matrix differential expression 
Fy ( i.e. the differential expression (1.1) with Q—0).and the boundary conditions (1.2), (1.3) 
at x = 0, (1.4), (1.5) at x = b. 

In a paper (See(3)) Roy Paladhi obtains for the system 


IU = AU, 0 < x «, (1.6) 


where A is real or complex, the integral equation 
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анааан 





X 
A(X,A) = с (xA) + | K (x,t) d(t,a) dt 
о 
x 
with inverse c(x,A) = 4(x,A) — | M (x,t) c (Л) dt 
о 


с (х,А) having linearly independent column vectors 
с, (3,4) = (ajg cos X X--a, sin Aix, аз COS Mx +a, sin xh), 
j = 1,2; $40) satisfies the prescribed boundary conditions at x = o, if 
а Aye + аз аы = 0, j,k = 1, 2, (А) 
a necessary and sufficient condition for the validity being that K(x,t), M(x.t) satisfy a set 


of conditions elaborated in his paper under reference. 


In the present paper we derive a similar but more general integral equation by a 
different method. Tae condition (A) is replaced by a wider one. The integral equation so 
derived, is finally utilised to derive a theorem on the uniqueness of the inverse problem, i.e. the 
problem of reconstruction of the differential system from given spectral data. This inciden- 


tally corrects a wrong conclusion arrived at by Roy Paladhi in his paper. 


2. The integral equations. Let «,,, ij = 1,2 bea set of real constants such that 


X13 
Xoo 


q= [$u ©з 
a 


) is singular and 8 = 
Фә] a3 


%14 g ied А 
«n is non-singular ; 
and «, are connected with ay by means of the relation 

an Arg Ajs «и = Ayo «кү 8, «уз (1,7) 
where k = 1, j—12; k=2, j= 12. 

A matrix Ф(х,А) is said to be the solution of (1.6) if each"of the linearly independent 
column vectors (4()),, К = 1,2, of ф(х, A) satisfies (1.6) ; (x1) satisfies the boundary 
eonditions (1.2, (1.3) at x = 0, if each (ф(х, А)), does so, 
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i — and 
Фуз COS A?x— «44A  ? sinA*x (1.8) 

aa, : 
«4, COS А?х—«А Z sina?x 


Put (oF (x, о 


where А is real or complex. 


The matrix ae (x, A) with two linearly independent column vectors (¢ (.)), defined in 
(1.8) (k = 1,2) satisfies the Fourier system 


F 
| U = dU (19) 


corresponding to (1.6). In view of (1.7), gF (x К = 1,2, and therefore "d (x,A) satisfies 
the boundary conditions (1.2), (1.3). f 


We assume that a,, B,, «jare all independent of the parameter А. 


Let there exist a non-singular, symmetric 2 x 2 matrix K (x,t) = (K,, (x,t) ) K,,=K,, 
defined for O < t <x, K(xt) = 0 fort — x or for t < 0, having continuous partial 
derivatives upto the second order with respect to x, t such that the matrix integral equation 

x 

F Е 
da Ау (х,А) + | eoe (t, A) dt (1.10) 

o 
holds We investigate the conditions to be satisfied dy K(x,t) in order that ¢(x,A) defined by 
(1.10) shall satisfy (1.6) and the boundary conditions (1.2), (1.3). 
Theorem 11. If Q(x) is continuously differentiable in O< x<a, a finite, then a nece- 
ssary and sufficient condition that the matrix $(x,3) uniquely defined by (1.10) is a unique 
solution of (1.6) satisfying the boundary conditions (1.2), (1.3), is that 
(i) K(xt) is the unique solution of the partial differential equation 

К.-К = K(x) K(x,Ü 

with 


X 
(ii) K(x,x) = { | Q(s) ds; K(0,0) — 0; 
0 


Gil) K@)O#0; K «0 |, 9 =o. 
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The solution ф (x,A) so obtained is an entire function of A. 


Our method is similar to Rofe-Beketov (4) (for systems of equations) and Agranovich 
& Marchenko (5) and Faddeyev (6) for the Strum-Liouville equations. Our rcsults are 
more general. We therefore outline the method emphasisig only those parts where we 


considerably differ. 


X 
It follows from | sin АЎ (ху) Q(y) 4(y) dy by replacing Q(t) 4(t) by 
о 


D? p(t) +A dit), p(t) = d(t,A), and then integrating by parts twice, that 
x 


$6) = 4F А) - A73 — V sina? (х—у) Обу) фу) dy (111) 


LI 


o 


$(x,4) ( Le. its column vectors (¢(.));) satisfy (1.6) and the boundary conditions 
(1.2), (13) at x=o. 


Again since Q(x) is continuous, it follows by iteration that there exists a unique solution 
$(x, A) of (1.11) which satisfies (1.6) and the boundary conditions (1.2), (1.3) at x=) ; also 
(x, A) is an entire function of A. (See Titchmarsh (7), p. 351), 


Put A—p?. Then it follows formally from (1.10) and (1.11) that 


X X S 

\ K(x,t) gf (t,A) dt ap! | sin u(x —s) Q (s) ds "d (Sp) +- | К (s,u) Ф (u, н) dr) 

o о о 

= І, + Ia say (1.12) 


x 
( by using sin p(x—s) cos ps / p = 4 | cos uu du and. 
2 


X 


sin p (X—s) sin us / p = —3 \ sin pt dt ) 
25—x 
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Й 


X x 
Herel, = } | Q(s) ds | ФЕ (tu) 4 and 
/ 0 25—x 
X 5 4-L-X—S 
Lig | oo ds | кош du | ФР (tu) dt. 
0 0 4—x+s 
Changing the order of integration which is easily justifiable, 
x — 4x0 
L=} LT | oo ds) Ф (ыд. 
0 0 


In I, we change the order of integration (also easily justifiable) in such a way that t varies 
from Oto x(t <x); then fixing t the integral is taken over the region in the s-u plane 
bounded by s=u, s—u-x-t, s+u=x+t and u—0. This in turn leads to the sum of 
integrations over two regions in the s-u plane : , 

(i) region bounded by t+s—xqu<t—s+x, i(x--t) <s<x and 

Gi) that by s-Ft—x«uxs, oxs«i(x--t). Then 


X: i (t-+x) ‚8 
„= | ac | o9 ау (| К eas o 
0 0 t—x+s 
x (x-+t) t--x—s 
Aj {а d Ов) ds) ( K(s.u) du) 4F (и) 
0 x t—x-+s i 
We substitute for І, I, in (1.12) and (1.10) follows from (1.11) by putting 
4x+t) 4(x+t) s (tx) — t4x—s 
K(x,t) = 4 | Qs) ds + 4 | Q(s) ds | K(s,u) du—4 | "Q(s) de | K(s,u) du 
o о t—x-+s x t-x-+s (113) 


Jt follows 5y iteration that (1.13) has a unique solution for K(x,t) and if 
š х 


X 
70) = \ 1О@)! ds a (х) = lu Q(t) | dt, where. 
4 в 
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ПА = тах la;| , А = (а), then 
1<i,j <2 
I KQ,0 ll <3 TH) exp т, (х) (1.15) 


( See Rofe-Beketov (4) ; Agranovich and Marchenko (5)). 
We now seek for the properties of K (x,t). 
The property (ii) is obvious from (1.13). 
To prove (i), differentiate (1.13) twice with respect to x and t respectively, subtract and 
utilise the relations 


К, (s,t+-x—s)=K, (s,t+x—s) and К, (s,t—x+s)=—K, (s,t—x--s). 
It is well-known that the solution K(x,t) of the Cauchy problem (i) with initial 


conditions K(x,t) = (х), where f(x) is 








—f(x) and K (x,t) 
0 t 


X 


twice differentiable and g(x) — | h(x) dx, h(x), an integral of an absolutely continuous 
0 


function, found uniquely by the Riemann method, is 
x+t 


K(x,t)—3 ((x+t+fx—t)+g(x+t)—g(x—t)) +4 \ (W(x,t,s) f(s) — T(x,t,s) g(s) ) ds 
x—t 





(1.16) 
W(.), T(.) being the Riemann matrices for the given problem. ( See Chakravarty and 


Roy Paladhi (8). From this it follows that K(x,t) is non-null, if and only if 


K(x,0) and K, (x,t) are not zero simultaneously. ( Roy Paladhi’s condition (3.10), 
t 


p.175, as given in his paper (3) under reference thus appears wrong.) Differentiating (1-10) 
twice with respect to x, replace K,, (x,t) by Ky (x,t) as given by the property (i) and then 


integrate by parts twice the integral involving Кү (x,t). Then since ф(х,\) and a (х,А) 
satisfy (1.6) and (1.9) respectively, it follows that 
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K, (x,t) 
t 


: (ФЕ кд) —4F (0,4) )-+-K(x.0) ФЕ (0,)=0 (1.17) 


where we have utilised the result 


K, (x,t) | hy Me (x,t—x) | А T (x,t) 


i 
In (1.17) put АЎ:==2пх | хапа nr / x separately, where n is any positive integer, so as to 


obtain 


K(x.0) < = 0 and К, (x,t) ' B=0, where «, B are matrices defined in 
0 


(1.7. Since « is singular, there exists K(x,0) 4 0. Again, since B is non-singular, 


К, (x,t) =0. The property (iii) therefore follows. 


Conversely, suppose that K(x,t) uniquely determined by the properties (i) — (iii) (as 


can be obtained by the Riemann method stated before) is given. Then following Titchmarsh 
(7), p.353-354, we can show that ¢ (x,A) satisfies (1.10) and the boundary conditions (1.2), 


(1.3) аё х=0. The theorem is therefore completely proved. 


It follows from (110) by the theory of the Volterra Integral equations that there 


exists a symmetric, non-singular matrix M(x,t), the reciprocal of K(x,t), such that 


X 


$ (x) = ф(к,А) | M(x,Ü d(t3) dt (1.18) 
6 


where ¢(x,A) is uniquely determined. 
The following theorem is now established. 
Theorem 12. If Q(x) is continuously differentiable in 0< t < x < a, a finite, a necessaty 


and sufficient condition that ф(х,А) given by (1 18), should satisfy the differential system 
(1 6) with boundary conditions (1 2), (1.3), is that M(x,t) should satisfy the conditions 
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(i) M,,—M,——Q(0M (x,t) ; 
x 

(ii) M(x,x)=4 | Q(s) ds, M(0,0) 20 ; 
0 


(iii) M(x,0)0, м. =0; 
t=0 


(iv) M(x,t) =0, t>x or t<0 and M(x,t) has continuous partial derivatives upto the 
order two with respect to x, t. 
We prove the properties (i) — (iv) from those of K(x,t) of theorem 1.1. The theorem 


is then a consequence of the theory of Volterra Integral equations. It follows from (1.10), 


(1:18) and the uniqueness of the "d — Fourier transform that 
А (1,19) 
K(x,t) =M(x,t) + | M(x,u)K(u,t) du 
t 
Properties (ii) and (iv) follow from (1-19) and the corresponding known properties of K(x,t). 


By differentiating (1.19) it follows that M, | =0. 
t=0 


Property (i) follows from (1.19) in the same way as in Rofe-Beketov (4). Solving the 
partial differential (i) for M(x,t) by the Riemann method it follows that M(x,0)40, since 
M(x,t) is non-trivial and M, o The property (iii) therefore holds for M(x,t). 


Since M(x,t) is uniquely determined from the conditions (i) — (iv), the conversc 
follows by the theory of Volterra equations and the theorem 1.1. The theorem is therefore 
completely established. 

We establish the following inequality for M(x,t) similar to that for K(x,t) as derived 
іп (1.15). (x) and тү(х) аге the same as in (1.14). 

In view of (1.15) it follows from (1.19) that 


X 


Il Мы) 17 --0 «C-- C») | I MU) l| «(A(t4-u)) du, 
t 
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where C=4 exp (7,(x)) and fort < х. $(t+x) >t, which implies that т-10(1--х)) <т-100). 
Thus 


X 


Н М(х) 1 77 GG--9)«C + | l М(хи) | т-1(4(х-Еи)) х (Ст 100) z"(3(t4-9)) dt. 
t 


Hence by the Gronwall inequality 


X 


| M(t) Il т71(4(Х-Е1))<С exp | 161 du 


‹ (1.20) 
x х 
where \ ll gil du < Cr? (t) т (3(t--x)) | т (4(t4-u)) du. (1.21) 
t t 
X x i(t4-u) x u 
Since | чаки) du— | du | ПОП dv | du | ПО || dv 
t t 0 t 0 
x 
= | v || QI dv< т, (x), it follows from (1.20) and (1.21) that 
t 
I M(x,t) 1 <C т (х) exp (Ст (0) т(х) 79) (1.22) 
2. A generalization of theorems 1.1, 12. The operator T defined by 
X 
таге | KED s d en 
0 


where f,g are 2x2 matrices with two linearly independent column vectors and K(x,t) is the 
karnel, continuous in the variables x,t, which vanishes for tx andt<0; K(x.t) - K,, (х,0)), 
K,—K,, is called the Volterra Operator. If 8 is continuous, so is f. Also from the 


Schwarz inequality and the inequality 
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(a-Lb)?<2(a2-+t?), it follows that if g e L, [ 0,00), then f e L, [ 0,00). 


By the theory of Volterra equations it follows from (2.1) that 


X 
( 2.2) 
gef | M(x,t) f(t) dt 
0 
where the kernal M(x,t), continuous in x,t, vanishes for t>x and fort<0. (2.2) defines the 
operator T-!, inverse to T defined by (2.1). The mapping T or T~}, is one to one and it is 
easy to prove that the Volterra operators form a group under multiplication. 


Along with the self-adjoint differential operator L A generated by the differential 


system (1.6) with boundary conditions (1.2), (1.3) let us consider a second self-adjoint diffe- 


rential operator Lg generated by 


1, U=A U, 0<x<% (2.3) 


where 1, is the matrix differential expression (1.1) with О replaced by Q = 


( “ E. ) О, satisfying conditions similar to О; and the boundary conditions at x=0 
1 1 Е 

similar to those of (1.2) and (1.3) with a, replaced by bj, say, b, being related to <; 
by 


Da s, + b, «447 D, ta + Dja аз Where k—1,j—1,2; k=2, j=1,2. (2.4) 


As in theorems (1.1 and 1.2, a necessary and sufficient condition that 


X 


F F 
463-6 G+ Vx eos cna 
0 


x 
with inverse i (Х,А) = $4 (1,3) — | M, (x,t) "à (t,A) dt 
| (2.5) 
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should satisfy (i.e. the vectors (9, ( . )),, k=1,2, satisfy) the system (2.3) and the boundary 
conditions as above prescribed, is that the kernels К, (.) and M, (.) should satisfy 
relations similar to those of K(.) and M(.) in theorems 1-1 and 1.2. 

Let ¢(x,A) be the solution of (1.6) and ¢,(x,A) that of (2,1). Let Kj(.) and M,(.) be associated 


with œ, (x,A) in the same way as K(.), M(.) with 4(x,A). 


X 

Put 463) = фы) + V Кый) itn dt ds 
0 
t 

and дыз) = 46 - nnn а dis 


Then the following theorem holds. 


Theorem 2.1. Let Q, Q, be continuously differentiable іп 0<x<a, a, finite. Also, let Ф(х,А), 
ф,(х,Х), defined by (2.6), (2.7), be the solutions of the differential systems (1.1), (2.3). Then 
K,(x,t), Ma(x,t) satisfy the following conditions. 

(i) К.к), M.(x,t) are symmetric having continuous partial derivatives with respect to x,t 
upto the order two; 


(ii) K,(x,t), Mit) = 0 for t>x and for t<0, 


x 
i) Kya) — Мух) = + | (909-00) & 
-0 


=0, but K (x,0) = 0, М(х,0) £0; 
t=0 





Gv) 8/8t K,(x,t) | oM M,(x,t) 


(v) Axt K;(x,t) E (Q(x) — Qi(0) К; x,t), 
Ax Mt) = (Q,(x) — Q(t)) М(х), where A,,—8? | 8x? — 8? / 8tt. 
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Conversely, let K,(x,t), M,(x,t) satisfy the conditions (i) — (v) and «,, confficients 


in dr () be given. Then if $,(x,) be the solution of (2.3) satisfying the boundary 
conditions of type (1.2) (1.3) involving by, іп place of a, and the relation (2.4), then 
ф(х,А) is the solution of (1.6) satisfying-the boundary conditions (1.2), (1.3) if =; satisfy (1.7). 
The theorem remains true if 4, 4, are the linearly independent solutions of the same equation 
(1.6) but satisfy different boundary conditions (1.2), (1.3), (1.7) at х=0. 


The theorem is true if 4(x,A) and ¢,(x,A) are respectively the L, solutions of (1.6) and (2.3), 
or if Ф, ¢, are the linearly independent L, solutions of the same equation (1 6), or if 4, 4, are 
the solutions of two different equations (1-6), (2.3) saftisfying the same boundary conditions 


at x=0. 
From (1.18) and (2.5) we have 
TAEA) = $F (ду and Тф) = $F (A) Le. Ту (А) = ф(х) 


where T,, T,are the Volterra matrix operators. 
Hence T, T, 4(x3) = (ХА) and T; Т,ф: (x) = ф(х, 2). 


Writing explicity we derive (2.6), (2.7), where 


X 


K,(x,t) = K(xt) M -Í K(x,s) M,(s,t) ds (2.8) 
t 


with a similar relation for M,(x,t). 


From known conditions for K(x.t), M,(x,t), the properties (i) (ii) and (iii) for K,(x,t) follow 
from (2.8). The first part of (iv) follows by differentiating (2.8) and making t—o. The first 
part of (v) is established by a straightforward differentiation twice of the relation (2 8) with res 
pect to x, t and integrating by parts as and when necessary in the intermediate steps as before. 
Since the solution of the Cauchy problem for K,(x,t) has to be non-null, it follows by solving 
the partial differential equation for K,(x,t) with K,(x,0) = f(x) and 8 / 8t K,(x,t) =0 


by the Riemann method that f(x)-Zo. 


Properties of M,(x,t) follow similarly. 
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Conversely, let K,(x,t) satisfy the conditions (i) — (v) and «,, etc. be defined as in the the- 
orem. Then K,(x,t) is uniquely determind. Also proceeding as in Titchmarsh (7), p. 353-54, 
we can show that 4(x,A) defined by (2.6) cxists when ¢,(x,A) is the solution of (2.3), with 
prescribed boundary conditions at x—0. That ¢(x.A) satisfies the differential system (1.6) 
and the boundary conditions, follow from (2.6) by twice differentiating with respect to x, 
utilising the properties of K,(x,t) and integrating by parts in the intermediate steps after 
using the relation (v) for K,(x,t). 


Similarly for the equation (2.7), reciprocal to (2.6). 


Now let ф, 4, be solutions of (1.6) and (2 3), e La. 


Put Xx = p = o + it, t>o, aud consider the integral equation 


x 
ф(х,Х) = exp (ipx) I af K(x,t) exp (i pt) dt (2.9) 
0 
x 
and Iexp (iux) = ¢(x,A) — \ M(x,t) фЫ) dt (2.10) 
0 


where I is the 2x 2 unit matrix ; with a similar pair of equations for фу. 
As in Titchmarsh (9), P 119, the integral equation 
x 


Во) = exp x) La? | sin ху) QO) 90) dy 
0 


(2 11) 


can be solved by iteration ; 4(x,A) e L, and as can be readily seen, that it satisfies the diffe- 
rential system (1.6). Hence as in theorems 1.1 and 1.2, ф(х,А) can be presented in the form 
(2.9) with reciprocal equation given by (2.10). K¢x,t) and M(x.)( different from those in 
theorems (1.1) and (1.2) satisfy all the properties of the corresponding entities in the theo- 
rems 1.1 and 1.2. Hence the theorem follows as before when $, 4; e L. The remaining 


parts of the theorm are now evident. The theorem is therefore completely established. 
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Asimilar generalization for the sturm-Liouville equation occurs in Thurlow (10). 


.8. A theorem on the uniqueness of inverse problem. For the differential operator 
L, (i.e. equation (1 6) with boundary conditions (1.2), (1.3)) Tiwary (11), (12), following Weyl's 
celebrated Math. Annalen (1910) paper. considered a symmetric, monotone non-decreasing 
(in the sense of operator ) matrix (à), A real, 0(—оо)<оо, 0(0)—0, having the following 


properties. 


(1) d@(A) is positive in the sense that the corresponding quadratic from is positive . 
(0) if f e L, [0,b), (А) generates an isometric mapping of L,[0,b) onto га (—%, оо), the 


Hilbert space of matrices square integrable оп (оо, co) with weight de, by means of the 


formulae 
b со 

EQ) = Bat) = | 4T (ыл) ба) dx. По) = | 40,3) de EQ), . 
0 — o0 


where ¢ is the solution of (1.6) with boundary condions (1.2), (1.3) at x—0, with satisfaction 
of the Parseval relation 

b о 

Ifi? = | |f|? dx = í ETO) dea) EQ). 

0 —o0 
The generalized spectral matrix has been conisdered by Rofe—Beketor (4) ; @(A) being 
its special case. 

The problem of reconstruction of the differential system when @(A) with properties, 

called the spectral data (@(A) is the spectral matrix), is given, is the inverse problem. When 


@(A) is given, the inverse problem for the differential operator L A was solved by Roy Paladhi 


(3), p.169-92. We obtain below a theorem on the uniqueness of the inverse problem 


when @(A) is given. 


Theorem 3.1. The spectral matrix corresponding to the differential operator L A gene- 
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rated by the differential expression / in (1.1) and the boundary conditions (1.2), (1.3) 


completely determines /. 


Let @(A) be the spectral matrix of the differential operator L A and (А) that of Lp 


generated by /, given by (2.3) and the boundary conditions similar to (12), (1.3) at x—0 
with a, replaced by b,,. If $(x,A) is the matrix of the linearly independent boundary 


condition vectors, i.e. vectors satisfying (1.6) and taking initial values at x=0, namely 


$= (à ам) z фу = — (ân any ‚ we have E(u)— $T (x,u) f(x) dx implies that 


Co— em 


fs) | gxu) d eu) E(u). 


85—79 


A similar formula holds for the matrix $4, of the boundary condition vectors ( linearly 


independent ) of (2.3) generating the diderential operator Lg- 


The volterra operator 
x 
g(x)=Tf=f(x) + | K(x,t) f(t) åt ` 
0 


which maps, in particular, ф(х,А) onto ¢,(x,A), may be written in the form 


T=+E-+K, where E is the identity operator in our case and 


x 
K=K(f)= | K(x,t) f(t) dt is quasi-nilpotent. (See Kato (13), p.154, Ex 3 15). 
0 


If e) —1/C о(А), then closely following Marchenko (14), p.56-58, we obtain 
N | М 
DM lim T( \ ф(х,ч) d e(u) E(u)—1/C lim | (x,u) d o(u) E(u) 
N 


—00 —00 


—N —N 


On an integral equation connected with a differential system 31 





where the integral on the right converges in the metric of L, [0,a) and Tf belongs to this 
space. Also E() e L? 0 (—оо ‚оо ) implies Е(А) є І? (—оо о). (Marchenko's idea relating to 
the weak boundedness of the operator (see (14), p.25-26) needed in the proof can be seen to 
hold also for our operator. The second result needed is that Q(A) generates an isometric 
mapping of L,[0,a) onto L*(— oo , co)). 


Since Tf є L,[0,a) we have by the Parseval relation 


a е or a 
c (пе |e (u) de(u) E(u) — TES 
0 "e 0 


М 


By a suitable normalization we can choose C—1. Then it follows that T is an L,-isometric 
operator, T^! exists and T is unitary. Therefore the operator К is normal. Since a quasi- 
nilpotent normal operator is zero, we have K=0. Thus K(x,t)=0. 
Hence Tf—f which implies that 4(x,A)=¢,(x,A). Thus Q(x)=Q,(x). The theorem therefore 
follows. І | 

It may be remarked that Roy Paladhi’s conclusion relating to nonuniqueness of a 
differential system constructed from a given spectral data as obtained in his theorem 
5,р.191 in (3) runs counter to the present theorem and as such appears mistaken. In fact 


in the notation of Roy Paladhi we obtain 


со 


T 
eal =т F, de | a3 hie | Ф} f dx. Thus 
0.00 -00 oo 
, " > 0 
| F,de } = 1,101 Е, which leads to F—F and this in turn leads to A(t)=1, i.e. (H)=¢ in his 


counter-example in $ 10,p.190-191. This is what is to be expected from our theor.m. 
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On a class of entire functions defined 
by Dirichlet Series 


MD. MUKLESUR RAHMAN 


1. Introduction : An entire function f represented by a Dirichlet series is of the form 


SA, 
(11) f(s) = ў а.е (5 =o + іт), where it is tacitly assumed that 
n=1 


OA, «ee <А,» со aS N-> œ and 
(1.2) lim sup Sen = 0. 
n—oo " 


It is known [1] that а necessary and sufficient condition for the series 
(1.1) satisfying (12) to be entire is that 


(1.3) tim 198181 мы ш. 
1—-o00 ж 


Let О denote the family of all complex-valued functions of the form (1.1) with the same 
sequence of integral exponents (A,) where А,! | а, | is bounded. It can be verified easily 
that the elements of this set are all entire functions, We now define addition, scalar multi- 


plication and multiplication in Q by 


oo SA, 
f(s) + f(s) = 2 e Tb)e 
n= 
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oo SÀ, 
f(s) of,(s) = 2 А, ! a, bie , where 
n=] 


oo SA, co SA, 
f(s) == Ya,e апа fs) = 2 b,e 
id | 


n= n 


oo SÀ, 
x0, е , where 0, = 0, forall n, is the null ele- 
xi 


are elements of Q Evidently, d(s) = 
n 


ment of Q. The indentity element of Q is given by 


oo S, 
e(s) = 2 (1А) e 
n=1 


Clearly, f(s) o e(s) = e(s) o f(s) = f(s) for any fe О. The negative element of 

co SAn 5 SAn a | 

Eae is © (—aj)e . In this paper our aim is to study a few algebraic struc- 
п==] n-l 
tures of the space О. We shall also study some growth properties of the entire functions 


belonging to Q. 


Theorem—1 : Q is a normed complex linear space. 


Proof : We observe that Q is an additive abelian group. Now we shall show that Q isa 
linear space over the field C of complex numbers. 


Easily, we can verify the following : 
i 1f,(s)=f,(s) 
ii) («+8) f (S) «f. (s) + Bf. (s) 
iii) («8)f()—«(8f,() 
iv) «(f,(s)-+f,(s))=«f,(s)+ «f,(s) 


where «,fe C and fj, foe 2. Hence Q is a complex linear space. 


Next, we define the norm of fie Q by | f,(s) [| =sup{A,! | a, |}. 
1 


n> 
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Since A, ! |а, | is bounded, sup A,! [at exists. Now, 
nzl 


i) f(s) | SO and | f,(s) | =0 iff f (s)-0. 


$ (a+b) еба | 
п=] 








(ii) (f) 4f) = 


7 nz (A | a, + 6, |} 


< зир №! | a | + sup №! | ba | 
nèl nzi 


= | 668) 1 f. 





co 5А, 
(iii) | < 665) =| AM «a€ a fA, 1 jaani} 
n=] | n>1 
= | «| sup fA! [а |} = ]<] nfi 
n>1 


Hence 2 is a normed complex linear space. 


Theerem—2: Q is a complex Banach space. 


SA, 


Proof. Let the sequence (f, }, where f,(s) = 5 ае e Q 
n=1 +*+? 


‚ be a Cauchy sequence. So for every £ > 0 there exists a positive integer 


for p = 1, 2,...... 
N such that 
d (f. £) = 16 — f, I < efor pq > М. Hence 
sup (4,1 | Ags, —Aga |} < efor p,q >> N. This implies 
that 
(1.4) №! |а — а | < € for pq > N and for every n. We now fix n and consider the 


sequence {apn S5, .... }, Due to (1.4) this sequence converges to «, (say). Hence 


№1 [аһ ~an | < efor p > N and for all n. 


oo 
We now form the Dirichlet series f(s) = 2 «, en. To complete the proof we have to show 
n=] 
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thatfe Q. Now. 
An ! | “„ ! | == An! | Ry — pn T алы | 


<А! | tam Apa | + М! fapa] 
<e+k,< К (say) 

Therefore, fe Q and this completes the proof. 

Theorem—3: is а commutative Banach algebra with identity. 


Proof: It follows easily that 2 is a commutative algebra over C. Now, let f, fy, є Q. 
Then, 


о s И 
2 №! a, be = sup {%!] | ab, |} 
n=} nèl 








< sup fA! ja, |} sup {à l] b,[} = IAO 1 I fis) 1. 
nzl nzl 


Again for the identity element e(s), we have, 


|| e(S | = sup E act 
n>l (A! acp 1. 


Hence the theorem. 


Theorem—4 : Q isa commutativ B* — algebra with identity. 


Proof. Let f,(s) = ў а, e9 and f,(s) = ў b, е 5а be two elements of 2, 
n= n=] 


We define a mapping ¥ : Q—O such that P(f,) =f ү where 


f*(s = 3 а, е5М, a, denotes the conjugate of a,. Evidently f*«Q. 
1 n=1 1 


We can verify easily the following : 
i) yiti = ftf =h 


i) J(«f)—(«f)* = «f*, deC 
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oo SÀ, 
(ii) (об) = (f, of)*— XX! 


n 
n=} 





SÀn 





* * oo 
P(E) o (Е) =f, of, = XX! bae 
n=] 


so that (f o f,)* = f; of, 


> ж ж 
(iv) (f) = fi. 
Thus, У is an involution in Q. Hence О isa commutative Banach* - algebra with identity. 


Again, 


ll f of; = 151° f,eQ. Thus О is a commutative B* - algebra with 


identity. 


Theorem—5 : If f, є 2, then Sp(f,) = closure of the set 
fj! a, : n=l, 2,......... H 
where Sp (fj) = Spectrum of f}. 


To find the spectrum of an element in Q we need the following lemma. 


Lemma: Let #0. Then f, is invertible iff a, 4 0 for all n > 1 and there exists a 
constant M such that 
ЦА, |a, | )Mforallnz I. 


Proof of the lemma: If f, is invertible then there exists an element 
oo 5А 

f,(s) = Xb,e «eQ such that 
n==] 


1 SA, 
e = e(s). Hence. 





оо 
(hot) (= 2:1. 
n=l An ! 


| for all n > 1. 


A 1а, b, = X 





It follows that a, >= 0 for all n. Thus, 
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Since f, є Q it follows that 1/(А, ! a,) < M for all прі. 


Conversely, let us consider f, (s) =] О)? а,) en Then feo 
n=1 


i s ©, | 1 SÀ, 
and (f, ofj)(s) = M E $a, ° 


oo ЕА № 
= J e = e(s) which 


n-l 





X1 


| proves that f, is invertible. 
Proof of the theorem : We know «e Sp(f,) iff f, — c e is not invertible. By lemma it 


follows that this is possible iff the sequence 





1 
{ « } is unbounded. This happens 
Àn ! | a,— 1 |. 





iff there exists sub sequences {M,} such that | À,!a, — « | — Ofor 

n = Mp p = 1, 2,......... , that is, iff « є closure of fA,! a,}, n = 1, 2,......... Hence the 
theorem. 

Theorem—6 : Q itself is the set of its topological divisors of zero. 

Proof : Since Q is commutative, any topological divisor of zero in Q is a two sided topolo- 


gical divisor of zero in Q. In Q we consider a sequence (w,) where w, = 1/A,! es 


Obviously, | w, || = 1 for all n. 


Ss SA, 


Now for any arbitrary element f,(s) = Ў ane «Q, we have (Ё, 0 wy) (5) = а, е 
n=1 


SA, 


оф 
Now f,eQ implies Ха, е is convergent for all's and hence 
п:=1 
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Thus f, is a topological divisor of zero in Q. Since f, is arbitrary, any element in Q isa two 
sided topological divisor of zero which proves the theorem. 
2. In this section we shall point out some of the growth properties of elements in 2. 

Let p and à be the linear order and lower linear order of the entire function fe where 
f is given by (1.1). Then it is known [1] that 


(А) lim sup 3 198 p , (95) 
noo Јов |а, |“? 


. . log | а/а, | : А 
Again if log А, log A, and ————————— is а non-decreasing 


Anti А 
function of n for n > n, then [2] 
TE A, log A 
(2.2) lim inf A E uci 
pre log | a, | 71 


SA, 


со * . . 
We say that the entire function f(s) = 2 P e is of linearly regular growth if 5=p. 
В = 3 А 


Throughout this paper we shall assume that the linear orders of- the entire Dirichlet series 
are finite and non-zero, and the functions satisfy (1.2). 


Theorem—7: Every element f є Q is of linear order p < 1. 


SA 
Proof: Let f(s) = bi a, € x be ап entire Dirichlet series with integral exponents 
nzl 


such that A,!|a, < Mforalln. By (2 1) if pis the linear order of f e Q then 


1 od log (1/ |а„|) "" — log (M/A,!) 
— =lim іп zliminf = 
Р түз A, log А, й—>со Àn log А 
log (1 / M) log A, ! 
> liminf —————— + lim inf — = 1 
iso Àn log Àn n—>-co A, log А, 
[using Stirling’s formula] 
res SA, о з 8A 
Theorem—8 : Let f(s) = 2 ae and f,(s)= X be be two elements of Q 
П == n=] 


of linear’ orders p, and p, respectively. Then (i) the linear order p of f,(s) о f,(s) satisfies 
1 1 1 , 


—>——+——1 


р р, Р, 
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and (ii) when f,(s) and f,(s) are of linearly regular growth and | а/а, |, 
| b, / b, | be two non-decreasing functions for п > n, and 


1 1 1 
log A, log А, then ——— —— -+ —— —1. 
*1 B An p P, T Р, 
oo 8А 
Proof: We have, f,(s) of,(s) = 2А! a,b, e . Now, 
n=} 


Jog (№ !) — , Пов (Ша, |) 
а + lim inf тов 
0—00 


log (1/ 15, |) 
+ lim inf | 


ios A, log А, 


; i 1 1 
- Hence ©з) рр” —1-+ SW 24 This proves (i). Again, 


i 2 


1_ dim inf JO (1/ | à ! anba E) Jim sup Ј08 (1 1A! anba |) 
P N—>co A, log А, noo A, log A, 


«lim sup 198 (1/59. | tim sup 198 C/1 a1) 
1-00 A, log А, А, log А, 


+ lim sup 198 € аы!) 
n—> oo A, log А 





(2.4) atc E +l, [using (22)] 
p 1 2 


where 8, and 8, are lower linear orders of f, and f, respectively. Therefore, when f,(s) enc 
f,(s) are of linearly regular growth then from (2 3) and (2.4), we have, 
1 1 1 


кесине La ыды], 


P P, Р, 
This proves (ii). 


Theorem—9 : Iff,(s) and f,(s) be two elements of Q then f Ks) о г), 
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k==0, 1,2, аы: is also an element of Q and its linear order is the same as that of 


f(s) o f,(s), where rKs) denotes the k-th derivative of f,(s). 


‘ 66 SA, o5 SA, 
Proof : Let f(s) = X ае andf,(s) = 5 b, е Бе elements of Q. 
n== n= 
k k oo 2k SAn оо SÀ, 
Then, f1(s)0 f5 (s) — 2А A, a, be = ва e  ,(say), 


2k 
where C, = Àn ! А a, ba Now it is easy to verify that A, ! | C, | is bounded. This proves 


k k 
that fio f5 «0. 


The linear order p,, of Ke) о гу) 1$ 


2k 
1 2 lim inf log (1/ | C, | ) p lim inf log (1/ | An ! А а, b, | ) 





Py. п—>со A, log A, D—-oo А. log А 
log (1А 1а, b, 1) 1 
= lim inf = —— 
поо À, log № p 


where p is the linear order of f,(s) o f,,(s). 


oo SÀ, со SA, 
Theorem—10 : Let f(s) = Ха, е  andf,(s = 2b, е be two 
п= 1 n=1 


SA, 
elements of Q. Then f,(s) « f,(s) = a,b, е is also an element of Q and the linear 
n=1 


order р* of f,(s) ж f,(s) will be related to the linear order p of f,(s) o f,(s) by the relation 


I 
y l. 


P e? 


"M 





Proof : Since f,, Ё, є Q, А! | a, | <M, апал, ! | b, | <M, for all n. It follows that 
àn! | a,b, | is bounded. So, f,(s) * f,(s) is an element of Q. 


If f,(s) * f,(s) is either zero or a Dirichlet polynomial then ро. In that case 


the linear order p is also zero 
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We now assume that f,(s) o f,(s) is different from Dirichlet polomomial. Then. 


UA | a,b, 
do clin gar ОВ UT] CT) 





p no, Ыр. im ш ОЕ C Lbs D 
‘ at im in с 
ы me Rie ee + neo An log ay 
=—1+1/p* 


flog (1/A,! | a,b, 
Again, ER =lim inf OB Ом | Anda) — _ 
P n—>-0o Л, log Ay 








log (1/ | ab, |) 
> lim int BAD ајаг Oo ышы 
п->ос]| An log An Noo n 108 A, 
Therefore, _1_ = 1 E 
р p* 


Finally, I take the opportunity to express my thanks to Dr. B. С. Chakraborty, Reader of 
the Department of Pure Mathematice, C. U. for his valuable suggestions and guidance in the 
preparation of this paper. 


References : 
1. Mandelbrojit, S. : Dirichlet series. The Rice Institute Pamphlet, 
31 No. 4 (1944) pp. 159-272. 


2. Rahman, OI. : On the lower order of entire functions defined by Dirichlet series 
Quart. J. Math. (OX), 7 (1956) pp. 96-99, 


Department of Pure Mathematics 
Calcutta University, 
Calcutta-700 019 

India 


Journal of Pure Mathematics 
Volume 8, 1991 
CONTENTS University of Calcutta 


N, K, Chakravarty 
Applications of operational calculus : definite integrals and summations 
of series í à 1—13 


N. K. Chakravarty 


On an integral equation connected with a differential system | 15—32 


А 
9 
L 


Md. Muklesur Rahman 


On a class of entire functions defined by Dirichlet Series | 33—42 


t 


j 














Printed at Dipti Stores, Calcutta, and Published by the Department of Pure Mathematics, 
Calcutta University, 35 Ballygunge Circular Road, Calcutta-700019 India 


^u 


JOURNAL 


| of | | 
PURE MATHEMATICS | 


Volume 9, 1992 


DEPARTMENT OF PURE MATHEMATICS, CALCUTTA муну, 
! CALCUTTA-700 бтз, INDIA 


| 
' 


JOURNAL OF PURE MATHEMATICS 


Board of Editors 
L. CARLITS 

W. N. EVERITT 

M. C. CHAKI 

N. K. CHAKRAVARTY 
S. K. CHATTERJEA 
J. DAS 

S. GANGULY 


Editorial Collaborators 
M. K. SEN 

B. BARUA 

B. C. CHAKRABORTY 
M. K. CHAKRABORTY 
S. K. ACHARYYA 

D. K. BHATTACHARYA 
D. K GANGULY 

T. K. DUTTA 

P. K. SENGUPTA 

J. SETT 

M. N. MUKHERJEE 

M. TARAFDAR 


Journal Sub-committee 
B. BARUA 
D. K. GANGULY 


M. K. CHAKRABORTY (Convenor) 


instructions 


Paper intended for publication in the Journal 
should be sent to the Convener, journal sub- 
committee, Journal of Pure Math., Department 
of Pure Mathematics, Calcutta University, 35, 
Ballygunge Circular Road, Calcutta 700 019, 
India, in duplicate, typed copies. 


The author (or authors) will receive 25 
reprints of his/her (their) paper on requst. 


Books for review or Journals in exchange 
should be sent to the Convener. 


Preparation of paper : (1) Title of the paper 
in capitals (2) Name (s) of the author (s) 
in capitals without academic title and without 
the preposition 'by (3) At the bottom of the 
last page the address (es) of the author (s) 
(4) Foot notes to be avoided (5) References 
by numbers enclosed in the third brackets 
(6) References to be listed in alphabetical order 
of the surnames of the authors in the last 
page (7) Reference-abbreviations as in Math. 
Reviews. 





A NOTE ON PSEUDO CONFORMALLY SYMMETRIC SPACES 


U. C. DE and B. BARUA 


1. Introduction. In a recent paper [3] the first author and H. A. Biswas introduced 
and studied a type of non-flat Riemannian space (M'g) (n>3) whose conformal curvature 


tensor Chk defined by 
(1.1) Сус= Rik- n- L — (GRE - By Rf + -& Rix) + (n- AT (n-2) (gi ёр "ёк 6j p 
satisfies the condition | 
(1.2) Gk-2 MCh FA Сук + № Cj As Ch A. Cin 


where Ri, is the curvature tensor ot type (1,3), gi is the (1,1) Ricci tensor, R is 
the scalar curvature, A, is a non-zero covariant vector and comma ‘,’ denotes covariant dif- 
ferentiation with respect to the metric tensor gi. Such a space is called a Pseudo conformally 
symmetric space and ET is called its associated vactor. An n-dimensional space of this kind 
has been denoted by (PCS), If A, becomes zero in (1.2) then the space reduces to a 


conformally symmetric space [2]. 
It is to be noted that dimension of M" has been taken >3, because it is known that 
Ci, = 0, when n = 3. 


In the present paper some results of a (PCS), (n>3) are established. At first it is 
shown that the associated vector field of a (PCS), is necessarily a gradient. Next a necessary 
and sufficient condition for constant scalar curvature of a (PCS), has been obtained. In the 
last section Ricci - recurrent (PCS), has been studied. 


2. Preliminaries. The conformal curvature tensor satisfies the well known equations : 
(2.1) Chie = — Ci = – Ching = Cie 
where Chijk = SonChik 


(2.2) Chijk + Chii + Су = 0, Су = Сш = Crip = 0 
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| (2.3) C. = rier Ri; - ТРЕ 1) дета fano 


The above results will be used іп the next sections. 
3. Nature of the associated vector field А, of a (PCS), (n > 3). 
Contracting (1.2) we get by using (2.2) 


(3.1) MCyiin £A. Chr 0 

Using (2.1) we get from вл) 

(3.2) Ch; MCh 

Again using (2.2) it follows from (3.2) 

(3.3) Cj =0 

Now (1.2) can be written as . 

(3.4) Сылы = 2AChi + Ag Cp, + МС + Chin + АКС 
where Chijk 


Зрьст, 

Transvecting (3.4) with САК and using (3.3) we get 

(3.5) Ay = ААҖ 

where А = COOK ik 

Since A x 0 at least at some point, (3.5) yields A # 0 everywhere. Thus from (3.5) 
we have 


1 
№ = 4 б, log A, 
© We can therefore state the following theorem : 


Theorem 1. The associated vector field of a (PCS), is necessarily a gradient. 


A Riemannian or Pseudo-Riemannian space (M",g) is said to be of harmonic conformal 
curvature [1] if n 2 4 and the condition 


Ciis = 0 holds. 

Now contracting (1.2) and using (3.3) we get : 
(3.6) Chn = 0 

Thus we have the following theorem : 


Theorem 2. Every Pseudo conformally symmetric расе (PCS), (n 2 > 4) is of harmonic 
conformal curvature. 
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4. Nature of the scalar curvature of a (PCS), 


The scalar curvature of a (PCS), is not necessarily a constant. We therefore look-for 
a necessary and sufficient condition for a (PCS), to be of constant scalar curvature. For this 
we require the following definition: 


The Ricci tensor is said to be of Codazzi type [4] if the Ricci tensor satisfies the 
condition i 


(4.1) Rü = Raj 
From Theorem 2 and (2.3) it follows that 


(4.2) Rij- Ry re: gj- Rjg) =0 

If R is constant, then we have from (4.2) that the Ricci tensor is a Codazzi tensor. 
Conversely, if the Ricci tensor is a Codazzi tensor, then from (4.2) we get 

R = constant 

We can therefore state the following theorem ; 


Theorem 3. The scalar curvature of a (PCS), is constant if and only if the Ricci 
tensor is a Codazzi tensor. 


5. Ricci-recurrent (PCS),. 


Let а (PCS), be a Ricci recurrent space [5] specified by a non-zero vector p; that 


(5.1) Ry; = ШКУ 
It is known that for a non-decomposable Ricci-recurrent space, R = 0. Hence from 
Theorem 2 and (2.3) it follows that for a non-decomposable Ricci-recurrent (PCS), 


Rijk = Ryj 

Hence 

ш, T HWRik 

Therefore 

where S is a scalar factor of proportionality. 
From (5.1) it follows 

g'Ri = S gu 

whence gu; = 0 


Thus we have the following theorem : 


Hi is a null vector and the rank of the matrix (Rj) is one. 


U. C. De and B. Barua 


Theorem 4. If a non-decomposable (PCS), is Ricci-recurrent then the vector of recurrence 


, 


Now we suppose that a (PCS), is а Ricci-recurrent space with the same associated 


vector field №, that is, 


(5.2) Ка = МЕ; 
Then from (4.2) апа (5.2) it follows that 
I 

(53) MRj-ARi = ту [MR — Rei] 

Transvecting (5.3) with gi we get 

i 1 

МК = МЕ 

whence 

ВАА R 
2 


G4) =ч 





ij 
Hence we can state the following theorem : 


Theorem 5. In a Ricci-recurrent (PCS), the Ricci curvature in the direction of the 


associated vector field А is BS 


2 
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ENTIRE FUNCTIONS OF BOUNDED INDEX IN SEVERAL 
COMPLEX VARIABLES 


B. C. CHAKRABORTY and RITA MITRA. 


[Abstract : In this paper we first introduce the concept of bounded index (b.i.) for 
an entire function in several complex variables. We then study a few characteristic properties 
of such functions. We have also shown that the sum of two entire functions of bounded 
index in C" need not be of bounded index. Finally we have obtained a necessary condition 
for an entire function in C" to be of bounded index and suggested a problem for the 
sufficient condition.] 


1. Introduction : The concept for an entire function of bounded index in C, the 
complex plane, was first introduced by B. Lepson [3] in 1968. Following his preliminary: 
investigations many mathematicians like Fred Gross, S. M. Shah, G. H. Fricke, B. S. Lee 
etc. obtained a few more properties and characterization of such functions. It turned out that 
solutions of a large class of differential equations in C are entire functions of b. i. Unfortunately, 
almost no work has ben done on the corresponding theory in several complex variables. Till 
date, to our knowledge, only in one paper J. б. Krishna and S. M. Shah[2] generalized this 
concept for analytic functions in several complex variables with respect to an arbitrary given 
point œ in С", complex n-space. We now introduce the concept of b.i. for entire functions 
in several variables without reference to any given point. In fact, our definition coincides 
with that of J. G. Krishna and S. M. Shah if the analytic function is, in particular, an 
entire function and the arbitrary given point о = (1,....,1). 


2. Notations : We denote complex and real n-space by C^ and Е" special and 
the set of non-negative integers by I. 


= {x xel x »0,iz1,.., п}. We indicate the points (21, ..., 21), (Wy, ...› Wp) etc. of 
C" by their corresponding unsuffixed symbols z, w etc. For z, w € C" and œ € C we define az = 
(OZ, ...., 0211), ZEW = (Z4 + Wy, es Zn + Wp) ZW = ZW] +... + ZW, А = (12 +. г). 


The positive hyperoctant RẸ in В" will be RẸ = ( x: x e Rx; 2 0, i = 1, ., n). Fort £ КЁ we set 
lll = ty +... +t, and for m e I", m! = m! .. my! z" = zy", ... zi forze C me 1" (20 = 1 even 
if z; = 0). For any Ке В, К = (К, ..., k). In particular, 0 and со will respectively denote the n-tuples 
(0, ... , 0) and (ee, ..., оо), Also for x, y К" we say that 


G) x S y iff x < yj; Gi) x < y iff x < y but x # y; 
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(iii) x << y iff x; «y, i- 1, voy 
For an entire function f with domain с", 9 will denote the partial derivative 
КЇ 


eo where k £ I? and 0) = f. 

621 lis. Oz, n 

3. An entire function f in C" has a taylor expansion about any point w = C" of the 
form : 


oo 


f(z)- 5 am(z-w)™, where a, Since the power series of f about w is absolutely 


mt 
А | fy 
convergent everywhere in C", the terms E must tend to zero. Consequently, for each 
m) 
w Е C" there is an n-tuple (ту, .., m) = т € I" a = m(w), such that ini is a 


maximal coefficient. Thus, 


Definition 1. For each point w e C" there exists an n-tuple 


ГР) | Ow) | 
m(w) € I" such that о! | | feo DIN | for all qe P. 


There may be several tuples m for which the above inequality holds. A minimal element 
of such tuples is called an index of f at the point « 


Definition 2. An entire function f in C? is said to be of bounded index iff there 
exists ап m € I" such that for all z e C^, . 


G1). а! al. Ed 


There may have several tuples satisfying (3.1). A minimal element of such tuples is 
called an index of f and is denoted by I(f). An entire function which is not of b.i. is said 
to be of unbounded index. | 

Examples : The polynomials іп 21, ...... ; 215 the functions exp (0 (zj +... + 
Z,)), & € C; sin (zj € .. z,); cos (z+ .. + z,) ete are of bi. whereas the function exp(z;? 
+... + 22) is not of bi. For the function f(z) = exp (Q(z; + ... + z,)), © € C, we observe 
that I(f) = (Юй, .... [lod]), where [ ] denotes the step function while an index of a polynomial 
P(z) with degree llmll is such that ІР) < m. 


Theorem 1. Let f be analytic in D = Юух .xD, where D; = (4 : а - 7! < 
m) 
1+6, à; > 0), i = 1, .., n. Then the sequence e converges to zero uniformly in 


! 
the closed region K=K, x..x К, where К; = {z : |z- 7°) 





< à). 
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mal Р 


Proof : Since ће point 1 +200) lies in D, the sequence of coefficients mi 


the Taylor series expansion of f converges pointwise to zero in D. Let M = max lf(z)) on 
the distinguised boundary of D. By Cauchy's integral formula, for any z in K, 











m) f (w) dw, ... dw 
£o) abs | тшш where C = Сух... хС,, 
m! | amele (wzm 





C,= { д: - 7 1 = 1+ б} 


n 
Qn) x (1+5)M 
. i=l 


Qn) 





sS « M. Hence by Vitalis theorem the se- 


n 
п (1+8)™* : 
i=l 


m) 
—— converges uniformly in any compact subset of int K. 


Hence if we replace Ó,s in К, by slightly larger values, the conclusion follows. 


Corollary : Let f be an entire function in C" and E-E, x..x E, be any bounded 


m) | 
set. Then {Se} converges to zero uniformly in E. 
Theorem 2. For a Е С", la > 1, the function f(z) = Qe"^ is of bounded index 
whenever Q is a polynomial . І 


Proof : For the sake of simplicity we shall prove the result for two variables pnly. 
The generalization to n ные is immediate. 


Suppose that Q is a polynomial of degree т;+т,. We may assume without any loss 
of generality таи the leading coefficient of Q is 1. Now, 


kı +k,) m, m, id А : 
ft) _ X Ek с, Юс, Qt) (zak ok 
0.2 J 1 2 
е ї=0 ]=0 


for 1<i<kj, 15j«k; and iC; = ЮС, = 0 fori» kj» ko. 


We observe that hic. < ку", кс, < kj"2. Now using the inequality of maximum 
modulus of a polynomial we have, 

ie) (zy « | алт, | rp! me) = 3/2 гү! HP, (taking є = !/j) for sufficiently 
large lirll and for all i, j e I, where гү = 1211, гу = [2]. 


If possible, suppose that f is of unbounded index. Then there exists a double sequence 
{К kj} of positive integers and a corresponding sequence of points Unix 22.) such 
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Кү+К) — œ and Zik +. Zak, > % which will satisfy the inequality Котя Я 29%) < 
k, T^ rp D ку! 


This implies that 





m m, 
1 ЕЕ" (ij) 4 nk 
Юба 224)! < ETT E Е Ic, 9c Q (zi pza 0 i o% 


*ode0 ј=0 
That is, 
ME m k,-i k;-j 
Юк» Zak)! < a cT TNT Ўз, zm (кү! kf? lo PP о тї тор) 
That is 


3 
(3.2) IQzi4. оо) кг кү" k32 г rog, lo^ los mma) | 


for sufficiently large г, Ho where Izj,kjlzryk,lz,kol-r, ks. Again applying the ine- 
quality of minimum modulus of a polynomial we get, 


1 : E 
(3.3) IQ(zyk Zo )l > zk rk, for sufficiently large Tk Hak: Combining (3.2) and 
(3.3) we get, 


dy d < IQ n ke) 
- 3 m, "ERR К, к, 
< к, D» эі D Ong 1) КР! k3 k Fak, | | Го) 


Hence, 


(3.4) 1« 





E E г (m+ D (туж 1) KP ge Lo METRE 


for sufficiently large k,*ko. But (3.4) is impossible since the right hand side of (3.4) 
tends to zero as Кү+Кә — œ and the theorem follows. 


4. Let g be an entire function and M(r;g) = max lg(z). For any К є I", we define 
Iz iz 


(s), 
the non-negative function Q(z) =Q,(z,g) = max 12-0) 
Usssk © 


In .particular, if k is an index of g, then 
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(p) 

(4.1) | a < Q(z) for all z and all p £ I". 

We can easily find functions g with an index k such that (4.1) may be replaced by 
(p) 

(4.2) E < 002), (p; = k,+1, k;+2, ...., 0<0<1 ), O& being a constant. 


Theorem 3. Let g be an entire function of bounded index with an index k and 
satisfying the condition (4.2). Let f be any entire function such that 


(4.3) f(O) # O and 
(4.4) M(2r;f) < Q(z) for all z where r; = |2 
Then the function 


(4.5) (>) = g(z) + bf(z) is of bi with an index < К, provided the constant b(zO) 
is chosen small enough. i 


Proof : Cauchy's inequality gives 


if P oy 
! 


4.6 
(4.6) р 


r? < MQr ; f) for all z and p e I". Hence, 


(4.7) PA <M бга 

Since КО) # O, В = M (2; ОЛО)! > 1. From (4.6) and (4.7) we have, for izi = г, 
(4.8) ES < B M Qr; f) for all p £I" and for all z. 

Differentiating (4.5) р; (2 К, + 1) times and then using (4.2), (4.4) and (4.8) we get, 
(4.9) B. « (eq QZ), p; > к, +1. 


If s S k, (4.8) is still valid with p replaced by s, but (4.2) no longer holds. Then, 
differentiation. of (4.5) s times yields 


; (s) (s) m 
(4 10) ® -l 2870 yp М (2r), (0<5 <). 
In view of the definition of О (2) and (4.4) we get, 


(s) 
(4.11) max I» (tsi) 2 (2). 
Usssk © * 


If ЫВ < 1 we can deduce from (4.9) and (4.11) that 
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hP a+ Ibi ТӨТ 
Gl) p! S 1 —IbißB ci s! ’ (река). 


As b > 0, PED — a < 1. This shows that h is of bi with an index < k if 


b is small enough. 


Theorem 4. The sum of two entire functions of. bounded index need not be of bounded 
index. 


Proof :- If for all values of qe}, lim Q@) = co and if Q(z) never vanishes we 


z»s [| 
can easily find an entire function f of unbounded index satisfying the conditions (4.3) and 
(4.4). Let f be such a function. Then, in view of theorem 3, we may choose a constant b, 
small enough, such that the function bf(z) = h(z) - g(z). Here bf(z) is of unbounded index 
whereas h(z) and -g(z) are of bi. with an index < К. This completes the proof. 


5. Let r >> О, 2 & c? and h g ЇЇ. For an entire function f and pel’, р = 0,1,..., 
1 


k) 
hj we define Кр, m (hz) = в) = тах Em > I - z, < 


PX voy n) and € Ik; = 0,1, ....... 
Lemma : Vf f is an entire function of boundd index with an index N and if r,h are 
ex А (0. .. Д (0. с 
such that — Я EET G=1,....n), then (i) = (2) = К, ema pee th mhz) < 2 Roos 


t-1,... trat », 1 S j < п, for all zÜ є C^ and all t with 1 < ti S hj, and 


(ii) KEN ега, 2 Imi kEN m 


k! 
©, 1 
Iz-z'i-t 


Proof : Yf possible, suppose there exists a t with 1 < t; S h; and zÜg C" such that 


в, Ghz) > 2 Ry poor teles 06,00). 


n 


By maximum modulus principle there exist some 20 e C" with 209 — 200) = —— апі 


some КО e P with 0 < КЎ. < N; 


0 . 
: 56 
(1 = 1,.,05) such that Rj(rh,z 29; = oe We choose a point w such that 
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(0 iz j and wh) = 20 e (0 _ 19). Now Iw? – 2 |= a izj and 


(t; — 0; "3 Yew! | Ее R, De &- EM 


M- 240) = р Непсе, M 


эһ (haz) and so 


fn (с nz”. Again, there exists a point 


0 (0, 
„0 К Yy) | 
wE gO ж Eu Ns Ry (hz) ds "m. T 


+ А ge - Ө) for some àe (0.1) such that 


KO ! 
6 with & = .i jand ы = wh) 
i © 9) ур К) yO) | 
X 6)! 1 1 2 1-14) qu 1 
KP 1s KO 120 — wit 


ЕЙ, ) - Rut Leta (rh, z DO) 


ry/hj 


1 

s К+ Г 
(0) 

1 Ег) & 
$ Nj+ 1 VA(N; + 1) -2R(hz 7). 
This is a contradiction to the choice of R(rh,z 9 since 
491 = X i*j This proves (i). 

hy 





г: 
I& - 201< d and 15, - 


J 
Gi) We have by (i), Rp ra < 26,1, ho, Њо) 
. € 2IRS hz. h, h,z®) 
< 216! Ет, 2, 


5 


іл 


S. 


But Ry (1,0,2) = max kl 


ksN 
(0) 
Ig-z lay 
2r (0) 
and Ry (hz) = max ue Hence the result. 
ksN : 
Theorem 5. If an entire function f is of boundd index, then for each г >> О there 
(0) & C there exists 


exist.an N=N(r) = I" and a constant M=M(r) > 0 such that for each z 


a constant k=k(z ye I" with k < N and 


КЮ отм eO. 


Proof. For r >> О, Me C^, and an entire вас f, we define M,(£,z 2) y 
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max 1 #02), ре. 
12 -:® {= т 

4 1 1 
Let f be an entire function of b.i. with an index L. For r > О we choose h € 


ү; 1 
Je < Е m = _ all hil 0 
4 such that | 5 40.41): Now we take N = N(r =L and М=М(г) = 2 *М№!. For 2 g 


C" we take k = k(z®) e I to be an index of f at 2. Clearly, k < L = N. By the 
lemma (ii) we have, 


KEN © i | < ail een l ce Lone m 
Iz, e d ler ` Ы 1 


Iz-z i-r 
N! max 1f (2) < 211 му 6 (2 | 
t<N t! ! 
ig- le г, 


«MI£fP (291. 


Thus for each r »» O there exist an N=N(r) £ I" and a constant M = M(r) > O such that 
for each 2 e C" there exists а К = k(2) e I" with k< N and 


тах 1 (2)1<м1 (29). 


12,21 =r, 


A Problem. We now ask the'question: Is the condition stated in theorem 5 also sufficient 
for an entire function to be of bi. ? Though the answer is "yes" for functions in one 
variable [1], we do not know the answer for functions in several complex variables. However, 
assuming that the condition is also suficient for functions of several variables, we try to 
Obtain a proof for that. The proof is incomplete since we have been able to deal with only 
one case out of two cases for the proof. 


For the sufficient part we take r = 2. Then there exist an N=N(2) e 1 and a constant 
М = M(2) > О such that for each z = C" there exists a k=k(z) e I" with k € N and M, 


(£22) < Mif(z). Also we can choose an т £ I? such tht N! М2! < 1, We propose 
to show that f is of b.i. 


Case 1) Let p = I" such that p 2 m+ N. 


We take any point zÜ е C^. Then there exists a t = 29 e Pt < М such thit 
M, (020, 2) < Muf? O), 


For any entire function g, we have by Cauchy's inequality, 
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! 
| g@ (z)! < a max 
RI | 


"nid = 


1 g(€)l, for qe I^ and any К >> О. 
R, 


If we take g(z) = fÜ (z) and R = 2 we get, 


120) < 2719 max 11 = 2""M, (622) 


9! 15-21=2 


pO ; t+p-t)/_,(0) 
Hence, EI < LET GT conet, E202 


(p-9! 


« gpl- ttl) м (Oy < glitii-lipil Mif? (91 


А ТА 


UN! 1Ё® (209) 


2IINII-lIpiL Mif? (2) | < 2 iml Mif? (2) | 


< I i? (zy Thus, 5 if? gy, < 7 if? (29) for a t € N, when p 2 т+М. 


Case 2. When p is such that neither p < m+N nor pè m+N we observe that the 
values of p for which < m+N and Iipiis llm+Nil are finite in number. Hence we need to 
consider only those values of p for which neither p < m+N nor p 2 m+N and Iipll > 
llm--NIl. For such a p £ P, there exist at least one j and опе 1 (1<],1<п) such that р; > 
ту + Nj and p, < m + №. Now the problem is : How to deal with such values of р? 
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A TYPE OF QUARTER-SYMMETRIC METRIC CONNECTION 
ON A (PRS)n 


MUSA A. A. JAWARNEH 


Abstruct : A Riemanian manifold M" with Levi-Civita connection V along with a 
pseudo Ricci-symmetric structure and a particular quarter symmetric metric connection D has 
been studied. The relation between the curvature tensor R and R, the Ricci tensors S and 
S, the scalar curvatures r and r of D and V respectively has been derived. Also necessary 
conditions for the conformal curvature tensor C of D to be equal to the cónformal curvature 
tensor C of V are given. In the last section we discussed the prescription R = QR, where 


$ is real function on M. 


Introduction : Chaki! consider a pseuo Ricci-symmetric manifold (PRS), and proved 
the existence of such structure on a Riemannian menifold. Also he proved that if 
the scalar curvature r is constant, then it must be zero and if r # O, then the 
associated 1-forn т must be closed. The object of the paper is to further stydy 
(PRS), with a particular type of quarter symmetric metric connection. 


Consider an n-dimensional Riemannian manifold M" with a metric tensor g and 
its L.C. connection V. Also: consider the Pseudo Ricci symmetric structure [1] 


1.1) (VxS)(Y,Z) Z2n(X)S(Y,Z) + 1(Y)S(X,Z) + 1(2)5(Х,Ү) 
which has the properties 

12) (LX) =0 

1.3) S(X,p) 20 

1.4) dn(X,Y) = 0 if #0 


where 7 is a 1-form, and p is a particular vectorfield such that 7(Х) = g(X,p), and 
L is the symmetric endomorphisms of the tangent space at each point of (M",g) which is 
such that S(X,Y) = g(LX,Y) 


Further consider the quarter symmetric-metric connection D [2] suh that its torsion 
tensor T is given by . 


Mathematics subjects classification numbers 1980/85. Primary 53C20; Secondary 53C25. 
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1.5) TX, Y)  DyY - DyX - [X,Y] (LX - &GOLY 
For simplicity we shall, write (PRSQ), for a Riemannian manifold endowed with a 
(PRS), structure and the above quarter symmetric metric connection D: 
2. Preliminaries : 
Let us define D as follows 
2.) DyY = VyY + Н(Х,Ү) 
It is known that | 
22) (DgXY.Z) = Xg(Y.Z) - &(D,Y.Z) – g(¥,D,Z) = 0 
By virture of (2.1) we have 
2.3 g(HQGY)Z) + g(H(X,Z),Y) = 0 
From (2.1) and (1.5) we can get 
2.4) Н(Х,Ү) - H(Y,X) = OLX - nCOLY 
Next making cyclic peramutation of X,Y,Z in (2.3) we have 
2.5) g(H(Y¥,Z,),X) + Р(Н(Ү,Х),7) = 0 
2.6) g(H(Z,X),Y) + g(H(ZY),X) = 0 
Substracting (2.5) and (2.6) from (2.3) we get by virtue of (2.4) 
B(H(Y,Z),X) = 2n(Z)SQG,Y) – 21(Х)5(Ү,7) 
Therefore we сап have by virtue of (2.1) 
2.7) D,Y, = VyY + m(Y)LX — S(X,Y)p 
Let R(X,Y,Z) = DxDyZ - DyDyZ - Dix yjZ denotes the curvature tensor of the connection 
D then from (2.7) we can have 
2.8) R(X.Y,Z) = R(X,Y,Z) + (Vxr)LY - (Vyx)(Z)LX + 2(Z)[VyL)(Y) – 

(VyL)G)] - [(VxS)(Y,Z) - (VyS)052)] - S(Y,2) 

[Vxp + TLE] + 50,2) [Vp + n(p)LY] 
But from (1.1) we have 
2.9) (VxS(Y,Z) — (VyS)(X,Z) = nQOS(Y,Z) - л(Ү)5(Х,2) 
Hence (2.8) can be written in the form 
2.10) RCXY,Z) = ROLY,Z) + K(Vxn)(Z) + n(X)1(Z) + U2x(p)S(X,Z)]LY - [(Vyr)(Z) + 
п(Ү)л(2) + U2m(p)S(Y.Z]LX + SQGZ)Vyp + n(Y)p + 1/2n(p)LY] — S(Y,ZIVxp + 
п(Х)р +1/2n(p)LX] 
Let us put 


241) MXY) = (Уулу(Ү) + nQOn(Y) + U/2n(p)SQG, Y) = g(QX,Y) 
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It is clear that A is-symmetric if and ony if x is closed ie. г ¥ 0. 
Now from (2.10) and (2.11) we have 

2.12) RCX,Y,Z) = В(Х,Ү,2) + A(X,Z)LY - A(Y,Z)LX + SQGZ)QY - S(Y,Z)OX 
Contracting (2.12) with respect to X yields 

2.13)a) S(Y,Z) = S(Y,Z) + MLY,Z) - rACY,Z) + X(Y,LZ) - aS(Y,Z) 

where a = trace Q = фул + ((r+2)/2) m(p) 


If А is symmetric then it is easy to see that A(X,LY) = A(LX,Y). Therefore (2.13)a 
can be reduced to the form 


2.13)b) S(Y,Z) = S(Y,Z) + 2MLY,Z) - rMY,Z) - aS(Y,Z) 

From which we сап -have 

2.14) LX = LX + 2Q(LX) - r(QX) - aLX 

Contracting (2.13)b we get 

2.15)a r2 r - Zar  (VynY(LX) + 2(p)S(X,LX) 

Now using (1.1), (1.2) and (13) on (Vym(LY) we can have 
2.16) (Vy) (LY) = n(p) 500ү) 

Hance (2.15)а reduces to the form 

2.15)a r = r(1 - 2a - 2n(p)] + n(p)SQG,LX) 


Now we can state 


Lemma 2.1) On a (PRSQ), of nonzero scalar curvature, the curvature tensor R, Ricci 
tensor S and the scalar curvature r of the connection D are given by (2.12), (2.13)b 
(2.15)b respectively. 


From (2.11) and (2.13) we can see that S is symmetric iff A is symmetric ie. iff л 
is closed. 


Thus we can state 


Theorem 2.1) On a (PRSQ), the Ricci tensor of D is symmetric if and only if л is 
colsed. 


From 2.11) also we can state 


Theorem 2.2) On a (PRSQ), the necessary and sufficient condition for R = R is 
2.17) MX,Z)LY - A(Y,Z)LX + S(X,Z)QY - S(Y,Z)OX = 0. 
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From now on we will consider the case r # O, ie. m is closed. 
Using (2.11) and (2.16) we can get by virtue of (1.3) 
248) A(X,Lp) = A(LX,p) = О 
Now contracting (2.17) with respect to X we can have 
2.19) 2A(Y,LZ) - rMy,LZ) - aS(Y,Z) =O 
Let Z = p, then we have using (1.3) and (2.18) 
rAY,p) = О 
Since r + О, we have A(X,p) = О. 


Thus we can state 

Corollary 2.1) On a (PRSQ), the necessary condition for R = В is A(X,p) = О. 
Note that A(X,p) = O is sufficient condition for R(p,X,Y) = R(p,X,Y). 

Hence we can state 


Theorem 2.3) On a. (PRSQ), the necessary and sufficient condition for R(p,X,Y) = 
R(p,X,Y) is МХ,р) = О 
3. CONFORMAL CURVATURE TENSOR. 


The conformal curvature tensor C of D is given by 


3.1) COGY,Z) = ROWY,Z) - +BY Z)X —-5(Х,2)Ү + g(Y.ZŪX - g(X,Z)LY] 


T 
+ (2-1) 2-2) [g(Y,2)X ~ g(XZ)Y] 


By virtue of (2.12), (2.13)b and 2.15)b we can have 
3.2) C(X,Y,Z) = C(X,Y,Z) + ACK,Z)LY - A(Y,Z)LX + S(X,2)QY ~- S(Y,Z)QX 


_ А. DMLY.Z)X —rMY,Z)X ~ aS(Y,Z)X — 2M(LX,Z)Y + AX, ZY 


+ aSQGZ)Y – g(X,2)0(LY) + rgQGZ)L(QY) -g(x,z)L(QY)+ ag(X,Z)LY 
+ g(Y,2)Q(.X) - rg(Y,2)OX + g(Y,Z)L(QX) — ag(Y,Z)LX] 


* nes [-2ra – 2rr(p) + r(p)SQGLX)] [g(Y,Z)X— g(X,Z)Y] 


Now let C « C in (3.2) and contracting with respect to X we can have 
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3.3) MLY,Z) - S(QY.Z) = [zm(p) + In(pSQtLX) - S(QX;X)] &(Y.2Z) 


Contracting again (3.3) we can get 
3.4) (n-1) S(QX,X) = О 


Thus we can state 


. Theorem 3.1) on a (PRSQ),, n > 1, the necessary condition for С = C is LX orthogonal 


to ОХ. 
Using (2.11) on (3.4) we can have 


3.5) SOLVxp) + 2x(9)SQLLX) = 
By virtue of (1.1) and (2.16) we get 
mp) [т + 2803] = 


Since л(р) # О, we have 
3.6) (ХІХ) = 


Thus we can state 


Corollary 3.1) : On a (PRSQ), п > 1, the necessary condition for C = 


is (ХІХ) = 2r. 

Now let R = O, then from (2.12) we have 

3.7 К(Х,Ү,7) = A(Y,ZLX - МХ,7)ГҮ - S(X,20Y + sc. ZQX 
Contracting with respect to X we get 

3.8) S(Y,Z) = rA(Y,Z) - 2A(LY,Z) + aS(¥,Z) 

Containing again (3.8) we get 

3.933) r = 2га - 2A(LX,X) 

Using (2.16) and the definition of A(LX,Y) on (3.9)a we get 


3.9) b) г = 2га + гр) - IPSALA) 


or 
3.10)a= i-p TE EPOS, LX) 
Let C = O then we have 


3.11) ROGY,Z) - + [5(Ү,2ЈҮ-5(х,2)у + g(Y,Z)LX - g(X,Z)LY] 


C 
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r 
tapag (2X - 805YY2] - 0 


Substituting from (3.7), (3.8) and (3.10) in (3.11) and contracting with respect to X 
we get 


3.12) rÀ(Y,Z) ~ 2(n-2) A(LY,Z) — (n-2)n(p)S(Y,Z) + en T1(p)S(LY,Z) 20 


Let Z = p in (3.12) then by virtue of (1.3) and (2.18) we get 
rÀ(Y,p) = О. 
Since г + О, we have A(y,p) = О. 


Thus we can state 


Theorem 3.2) On a (PRSQ), if R - O, then the necessary condition for the conformal 
curvature tensor C to be flat is that QX is orthogonal to p'. 


4. Prescribed Curvature Tensor of D. 


Let us consider the prescription of the curvature tensor R in which R = OR, where 
ф is a real function on M. Then from (2.12) and by a proper contraction we can 
prove the following lemma. 


Lemma 4.1) On a (PRSQ), if R = OR, ф is a real function оп M, then we have 
4.1) (6-DRQGY.Z) = AGG,Z)LY - MY,Z)LX + S(X;2)QY - S(Y,2QX 

4.2) (6-1)S(Y,Z) = 2A(Y,LZ) - 1A(Y,Z) -aS(y.z) | 

4.3) (ф-1)г = - 2гл(р) *n(p)S(X,L.X) - 2га. 

Now let Z = p in (4.2) we can have by using (1.3) and (2.18) 

rA(Y,p) =O 

There since r # O by assumption we have 

44) МХ,р) = О 

Let Y = p in (2.11) then we nave 

4.5) (Vxm)(p) = - n(X)n(p) 


Now let the projective curvature tensor W of D given by 


1 
4.6) WO, Y Z) = R(X,Y,Z) - BOYZ - SOGZ)Y] 


Using the prescription К = OR on (4.6) and adding and substracting each of К(Х,Ү,7), 
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1 1 
"ET S(Y,Z)X and aci S(X,Z)Y we get 


WGY.2) = WQCY.Z) + @-1Җ(Х,У,2) -—- [(ф-1)5(Ү,7)Х - (ф-1)5(Х,2УҮ) 


Using (4.1) and (4.2) on the above equation, then let Z = p we can have by virtue 
of (4.4) and (2.18) that 


4.7) W(X,Y,p) = W(X,Y,p) 


Also using (4.1) and (4.2) on (4.6) and let Z = p, then by virtue of (4.4) and (2.18) 
we can have і 


4.8) WQLY,p) = О. 


Thus we can state 


Theorem 4.1) On a (PRSQ), if R = OR, ф is a real function on M. then we have 
W(X.Y,p) = М(Х,Ү,р) = О. 

Now let Z = p in (4.1), then by virtue of (4.4) and (2.18) we have 

(6-1) ROLY.p) = О. 


Thus we can state 


Theorem 4.2) On a (PRSQ) if К = OR, ó is a real function on M, and ф 


> 1, then К(ХҮ,р) = О. 

References 

1. Chaki, M. C. : On Pseudo Ricci-symmetric manifolds, Bulg. J. Phys. 
15(1988). 6, 526 - 531. 

2. Mishra, R. S. : Structure on a differentiable manifold and their applications. 


Chandrama Prakashan, Allahabad, 1984. 


Department of Pure Mathematics 
Calcutta University 

35, Ballygunge Circular Road 
Calcutta - 700 019 

West Bengal 


India. 


n 


OC MEQUE CHE RNC C On X. TU eT 
(our. Pure; Walb; GE 6, (89. рр. 29-28 





IDEALS OF A G-REGULAR RING 


S. P. BANDYOPADHAYAY and J. GHOSH 


1. A regular ring R is G-regular iff the annihilator of its centre is the zero ideal ie. R is 
G-regular iff Ann(C(R) in R = (O). This paper is devoted to the study of the ideals of 
G-regular rings. 


2. We will prove a theorem which will show that the G-regularity is a hereditary property 
for ideals of a ring. But before we enter into the proof of this theorem we will prove some 
lemmas, which will be useful to us to prove the theorem. 


Lemma 2.1. The ideals of a regular ring R are regular. 


Proof : Let I be any both sided ideal of R and let a € I. As R is regular, there exists a’ 
= R such that ааа = a. Put b = àeaàeH. Then b € І. Also aba = agaga = ааа = a. 
Thus I is a regular ring. 


Lemma 2.2 Let I be any ideal of the regular ring R. Then any ideal J of I is also an 
ideal of R. 


Proof : Let a £ J and г Е R, then arra = І By lemma 2.1 I is a regular ring. Then 
Я X e I such that arxar = ar we get аг = a (rxar) € J, as rxar = I and J is an ideal of 
І, a(rxar) € J. Similarly, ra е J. 


Lemma 2.3 If I is an ideal of a ring or R, then I ^n C(R) c C(D, where C(R) and 
CM are the centres of К and I respectively. | 


Proof : Let p € I ^a C(R) and q be any element of I, then q € I c R = pq = qp 
as p € C(R). Then p ғ I and commutes with every element of I. Thus I c CR) c C(D. 


Lemma 2.4. Let I be an ideal of a ring R and e € C(I), where е? = e, then e € 
In CR). 


Prof : Let е? =e е Cd) c I. Let. p € R, then ер,ре € I, which shows ер+ре € 
І But e ¢ Cd). Thus we have 

е(ер+ре) = (ер+ре)е 

=> ер+ере = epe + ре => ер = pe => e € C(R) 

From Lemma 2.3 and 2.4 naturally the question arises wheather the quality C(I) = I 
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^ C(R) hold for an arbitrary ring R, where I is a both sided ideal of R, and С() and 
C(R) denote the centres of І and К respectively. 


Now we give the following example to show tbat the equality mentjoned above does 


not hold in general. 


of R’. 


Then R is a ring. 


Let I = (os) /«« i 


Then I is an ideal of R. 


І is a commutative subring of R and therefore C(I) = I. 
01 T 
Now о ji Izc(D. 


If possible, let k jJ. I=c(R). 


That is 5) b o) # o o) @ j contradiction as [ o} c(R). 
Thus we have CM) + I ^ CR). 


Lemma 2.5. 


If M is a subring of a ring R and R is embedded in a ring R’, then M is subring 


The proof is obvious. 

Lemma 2.6. 

Any minimal ideal (when exists) of a G-regular ring is G-regular. 

Proof : Let R be a G-regular ring andM be a minimal ideal of R. 

As R is G-regular, R can be embedded in a regular ring R’ with 1 [3]. 


Hence M is a subring of R’ by lemma 2.5. Again a regular ring D with 1 can be 


constructed having the properties 
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i) C(M) can be embedded in D 

ii) Ann(C(M)) = (О) in D. [3]. 

We observe that if M is a minimal ideal, it is a simple ring. Also by lemma 2.1. 
it is regular. So we have M has atmost O and 1 as its central idempotents [3]. 

But C(M) + (О). Indeed C(M) = (О) => Ann (C(M)) in D # D я (О). 

Contradiction. Hence M has an identity. Therefore Ann(C(M)) in M = (O). Hence M 
is G-regular. 

We now prove the following theorem which appears interesting to us. 
Theorem 2.7. : 
Every ideal of a G-regular ring is G-regular. 


Proof : We recall that the set of all non-null ideals of a ring form a poset with 
respect to usual set inclusion. Denote it by Po(I). Evidently the minimal ideals of R (if 
exists) are the minimal elements of Po(l) We have proved that they are G-regular. Suppose 
G-regularity holds for all I « J. We now want to show J is G-regular. By 2.1., J is regular. 

+ 
First we will show that J contains at least two central indepotents. 


Indeed, any I < J always contains at least one non-zero central idempotent say e, 
£ 


otherwise С) = (О) => Ann (C(I) in I = I. As I is G-regular, we arrive at a contradiction. 
9 


I is also an ideal of J and by 2.4, this idempotent e is also in C(J). Hence J contains 
^t least one non-null central idempotent. Put T = Ann (C(J) и. J. Then T is a both sided 
ideal in J. But T z J, otherwise T = J shows C(J) = (O). 

But we have just now proved J contains at least one non-zero central imdempotent. 


Thus T is a proper both sided ideal in J. We have to show T = (O) By induction 
hypothesis T is G-regular. 


Let f £ T, that is, f = Апп(С(Ј)) in J => f e J and CŒ) = (О) — (1). 

Let h be any idempotent in C(T). Then by lemma 2.4, h € C(J). Hence by (1) fh 
= о — (2). 

Now let x be any element of С(Т). As С(Т) is regular, 3 р є C(T) where g = р 
and gx = x. Hence. fx = fgx = О, by (2), as в & C(J), since T is an ideal of J. 

Hence f(C(T) = (O). 

But by induction hypothesis, Ann(C(T)) = (O) in T. Hence f = O. Thus T contains 


only one idempotent, viz., О that is Ann(CQ)) = (О) in J. Hence, by induction, every both 
sided ideal of R is G-regular. 


On the other hand we have, 
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Theorem 2.8 


Let R be a regular ring having at least one non-zero proper both sided ideal. If every 
proper both sided ideal of R is G-regular, then R is G-regular. 


Proof : Let I = Ann(C(R)) in R, our aim is to show I = (O). 


Let J be any proper non-null both sided ideal in R (the existence of such an ideal 
is guaranted by hypothesis). 


By hypothesis, J is G-regular. 

Now J being G-regular, C(J) # (О) otherwise C(J) = (О) => 

Ann(C()) in J = J + (О). 

Thus 3 e € C(J) where е^ =e#0 

which show e = ee e JC(J). 

Now JSR, and C(e C(R) [by lemma 2.4] which shows e = RC(R) ie. RC(R) = 
(0) — (1) 

Thus we concluded that I # R - (2) 

Otherwise I z R => Ann(C(R) іп R = R. 

ie. КХК) = О contradiction (1). 

Thus I is a proper ideal of^R. By hypothesis I is G-regular. Let e? = её 1]. => 


e(C(R)) = (О) -- (3), as І = Ann(C(R)) їп R. Let g = g Е C(D. By lemma 2.4, g € 
C(R) Hence eg = O by (3). 


Thus for every idempotent р in C(I), eg = О - (4). But I being an ideal of R, C(I) 
is regular. Let a e C(I), then `2 p? = p € C(I) such that pa = a. Now ea = epa = О by 
(4). 


Hence e e (C(I) = (О) => e € Ann(C(I) in I. Thus G-regularity of I shows e = О. 
Hence I contains only one idempotent viz. О. Let a € I, but I being regular 3 X e I such 
that axa = a => ax is an idempotent. Hence ax = O => a = O. 


Therefore I = (O) and R is G-regular. 


It should be noted that the above theorem is not true if the regular ring R bas only 
oné proper ideal viz. (O) which is obviously G-regular. Indeed, in this case the original ring 
turns to be a simple regular ring and it is proved that such a ring may or may not be 
G-regular [3]. Also, there are non-regular rings whose peoper ideal is G-regular. 


Now naturally the following question arises : If every proper ideal of a ring R is 
regular, will the ring R be regular? The result is not yet completely solved. However, we 
have solved this problem for some particular cases. 
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Proposition 2.9 


If R be a ring, in which every proper ideal is regular and has a non-zero centia! 
idempotent e where Re # R, then R is regular. 


Proof : As e is central, Re is a both sided ideal in R. Put I = Re. Let J = {r - 
re / r £ R} Then J is a both sided ideal in R. 


Also p £ I І => p = ae for some a € Е and p = s — se, for some s Е К. 


Therefore I ^ J = (О). 
Also r e К = г = re + (r-re) 
=> Е = 1+7 


Let а R, then а = а + a, where а £ I, a2 € J. But by hypothesis І # К. Also 
e # O shows J # К. Hence I, J are regular rings, by hypothesis. 


Suppose axia = aj where хі € I 

and a2x2a2 = аз where x2 е J. 

Put x = х + X2 

Then we have 

axa = (ai+a2)(x1+x2)(ai+a2) 

= (a1X1+a2Xx]+a1X2+a2x2)(a}+a2) 

As ај є I, x2 € І, we have aix2 e 11. 

But as I A J = О, we have aix2 = О. 
Similarly aox1 = О. 

Thus we are left with axa = (ахі+а2х2) (a1+a2) 
= a41X1a1+a2x2a]+a1X1a2+a2x2a2 

= ajxjaj+a2x2a2 

= арад = a. 

Proposition 2.10 


If R is ring, which is not finitely generated and every proper both sided ideal of R 
is regular, then R is also regular. 

Proof : If possible let R is not regular. Then 3 an element a € R for which we can 
not find any x in R satisfying axa — a. - (1). 


Let us consider the principal both sided ideal (a). Evidently а ғ (a) Then (а) = К. 
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For otherwise (a)  R => (1) is satisfied. Contradiction as R is not finitely generated. Hence 


R is regular. 
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FIXED POINT THEOREMS IN SOME TOPOLOGICAL SPACES 


D. K. GANGULY and D. BANDYOPADHYAY 


Abstract. In this paper an attempt has been made to find out some sufficient conditions 
for self mapping in certain topological spaces which ensure the existence of fixed point of 
the mapping considered. 

Introduction. Just as the classical contraction mapping theorem of S.Banach is the 
basis to ensure the existence of fixed point for any self mapping in metric space, similarly 
the theorems due to Schauder [9] and Tychonoff [11] are backbones to prove fixed point 
theorem for non-expansive mapping in locally convex linear topoligcal space. 


In the first section, we have considered the family H given by 
Я= {h/h: arty ——> IR* is upper semicontiuous and non-decreasing in each 
coordinate variable] 


where IR* stands for the set of all non-negative real numbers and have considered Hausdorff 
topological spaces to study two theorems on fixed point. In the second section some results 
on fixed point in pseudocompact Tychonoff space using rational expression have been studied. 
The final section contains two fixed point theorems respectively for non-expansive and asymptoti- 
cally non-expansive mapping of a weakly compact convex subset of a locally convex Hausdorff 
linear topological space. - 


1. Fixed Point Theorems in Hausdorff Space 


Theorem-1.1 : Let X be a Hausdorff space and T:X —> X.Let £X x X —> IR* 
be a continuous mapping satisfying conditions 


1] f(x,y) = 0 if and only if x = y for every xy eX, 


ii] there exists: an h є # such that for every xy € X, x # y 
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Í(Tx,Ty) < Ы х,у), fG; Tx), f(y, Ty), 


where h satisfies g(t) = h(ttt) < t for all t = IR*-{0}; and if for some Xo E X the 
sequence of iterates {T"x,} has a subsequence converging to some u € X and T is continuous 
at и, then u is the unique хей point of T. Moreover, the sequence of iterates (T"xj) itself 
converges to u. 


Proof : In order to prove the above theorem we need the following 


Lemma :- [[8], [10]] :- Suppose that o:IR* —> IR* is a non-decreasing upper semi- 
continuous mapping. Then for every t > 0, $(t) < t if and only if lim, | ,, Фф (© = 0, 
where $4" denotes the composition of ф with itself n times. 


Let x, € X be any point We now construct a sequence {x,} such that x -T x. 


Let us write d. = f(Tx,, Tx,,,), V n e INU{0}, where IN stands for the set of all 


natural numbers. 
We shall first show that d, <d,¥ne INU(0). 


Let us assume that t = d > d, and t » 0. Now 


nil 
t= ТХ вр Tx,,2) © ЫЕ р х2), fp TX yp» f(x, TX, 49) 
< һы] < t —— which leads to a contradiction. 


Hence the assertion is true. Thus (d) is a strictly decreasing sequence of non-negative 
real numbers, Now, 

d, = f(Tx,,Tx,) < хрх), 6х7), f, Tx)] < hídyd,d.] = g(dj. 

So, in general, we have d, < g'(d), V n e INU(0) 

If d, > 0, then by the lemma above, we have 

lim, > g'(d,) = 0 as g(d,) < d, ie. lim, |, d, = 0. 

If d, = 0, then d, = 0 for each n. 

Hence in any case, lim, |, d, = 6 іе. lim, 2. f(x, ii X042) = 0. 


Again, the sequence {x,} has a subsequence, say um which converges to some u 
k 


in X. So we have 


f(u,Tu) = fim, .., X Tüim, |. x ) = бт, (s m) = 0. 
k 


Therefore, u = Tu. 
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For uniqueness, let v(zuje X be such that Tv = v. Then we have f(u,v) = f(Tu,Tv) 
< h[f(uv), f(u,Tu), f(v,Tv)] < f(uv) — which is a contradiction. 


Hence u is the unique fixed point of T in X. 


To complete the proof it remains to show that x —»u as n—>%, Since both 
ffu, x, | and ffx, , x, tend to zero as К tends to oo, therefore, for a given д > 0, we 


k k k+l 
càn choose n, € IN such that ia ^J < д and х X. < д. Then by condition (ii) 
k+l 
we get 


f(u,x,) = f(Tu,Tx, ) < h[f(ux. ,), f(u,Tu), f(x Tx, J S h[a,a,a}] < a 


т-р 
where & = тах [fux |), f(x. у, Тху), 

i.e. f(ux,)«max[f(u,x, i), f(xy.5,x5)] (1) 
Similarly, we can obtain f(ux, p) < тах (их, ә), f(x, »,xy 1 (2) 


Now we choose n > n, and by the repeated application of (1) and (2) we have 
f(u,x,) < max(f(u,x, 4), f(x, 4 Xi ol € oee 


< max fos) (s wen < д, 


=> lim, xs f(u,x 920-2 f(u,lim X) = 0 =>lim, o Ха = oU 


n >o 
which is as desired. This completes the proof of the theorem. 
Theorem-1.2 :- Let X be a first countable Hausdorff space and T, T;X—X. Let 
f:X x X 2R* be a continuous mapping such that 
i] х,у) = 0 if and only if x = y for every xy e X; 
ii] there exists an h є H such that for every xy e X, x £ y 
ET XT yhy), 7х), КУТУ) 


where h is as in theroem-1.1, and if for some x, € X, any one of the sequences of iterates 
(TT) x,) and (T,T;T;)'xg] has a cluster point u € X where ху = T, Xon and холо 
= Tox, for every п > 0 and each of T, T4 T,T, and ТУТ, is continuous at u then Т, 
and T, have a unique common fixed point u. Further, the sequence of iterates which has 
a cluster point u, will itself converge to u. 


Proof : We have that 


fx,x) = f(Tix, Tox) < хх), Tx f(x, Tx,)] 
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< BLE xj) f(x X рх). 


If f(X,x)) S f(x,x9) then (хрх) < h[ppp] < p = f(xixj) - which is a contradiction, 
hence f(x,x,) > f(xjx?) and the repeated arguement shows that (f(x,x,,,)) is a stirctly 
decreasing sequence of non-negative real numbers which is bounded below, therefore it must 
converge to some limit. So let © = іт... i(XpXp41)- 


If the sequence of iterates (TT x.) bas a cluster point u € X, it will yield a 


convergent subsequence hs] (say), with limit u where n, 's are even. Therefore, we have 


(еј lim, so f, s T, х) = fim, so Ex lim, |... T, X) = f(u, T, u) and 


б = lim. >o fo +, +2) = fim, ..., T, Lx lim... TLT х.) = f(T, u T, T, u), since 
T, and T,T, are continuous at u. 


We shall now show that с = 0. Suppose that с > 0. Then we have с = f(T,u,T,T,u) 
« h[f(u, T, u), f(u,T ,u), ТТТ) < f(u, Tu) = © which gives rise to a contradiction. 
Hence б = 0. and therefore we have u = Tu and also 


Tiu = ТТ. Now ТТ = Tu => Tu = u. 
thus u is а common fixed point of T, and T,. 


A similar conclusion can be had for the case of {T,(T,T,)"x,} using continuity of T, 
and T,T, at u. ` 


Now for uniqueness of u, let v u) є X be such that Туу = v = Ту, Then by 
condition (ii) we have 

Қи,у) = f(T ,u,T,v) < h[f(u,v),f(u,T,u),f(v,T,v)] < (шу) — which is absurd. Hence п 
is the common fixed point of T, and T,. 


It now remains to show that any “one of the sequences of iterates {(T,T,)"x,} and 
{T,(T,T,)"x,} which has cluster point u, will itself converge to u. 

Here we observe that (ТТ) х= х, and T(T,T) x, = хл. 

Suppose first that u is a cluster point of the sequence {х}. As X is first countable, 


there is a subsequence Ps] of the sequence (x4! which converges to u. Since Коха) 


—» 0 and fe, Xon +1) —».0 as ko, therefore, given д > 0 we can choose n. € IN 
* 


such that f(ux, ) < д and Кш, Хэл, 41) < д. Now by condition-(ii), we have 
k 
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Ќи) = f(T] и, Тохо р) < h[f(ux, р), Туш), fos p T2X2-1)] 
< max[f(u,xo, i), f(X25.5,X29)] — (1) 
Similarly, we can have f(u,xo, ү) < max[f(u;x2, 2), f(Xon-1Xen)] — (Q2 


We now choose n > n, and by repeated application of (1) and (2) we have f(ux,.) 


« тах[ќи,х, 3), f(x X2, 2)] «cisci irt 
< тах (их, ), fos Xon. “Л « 9 


=> lim, ., f(ux,) = 0 => flim, х.) => 0 => lim, ,, xj, = u. 


Thus the sequence of iterate {(,T,)"x,} converges to u. Similarly for the case of the 
sequence of iterate (T, (T,T,)"x,}. 


Hence this completes the proof of the theorem. 
2. Fixed Point Theorems in Pseudocompact Tychonoff Space 


In this section our main interest is to study some theorems on fixed point in pseu- 
docompact Tychonoff space using rational expression. We first give the following 


Definition-[5] :- A topological space is said to be pseudocompact if every real valued 
continugus function on it is bounded. : 


It is known [5] that — every compact sapce is pseudocompact but the converse is 
not true; and the. product of two Tychonoff spaces is Tychonoff but the product of two 
pseudocompact Tychonoff spaces may not be pseudocompact Tychonoff. 


We now formulate and prove our main theorems: 


o . Theorem-2.1 :- Let X be a pseudocompact Tychonoff space and T:X—>X be continuous. 
Suppose that £X x X —> IR is a continuous function such that 


i] f(x,y) = 0 if and only if x = y for every x,y є X; 
ii] f(x,y) = f(y.x) for every xy є X. 
If T satisfies the inequality 


max [f(x,y) f(x, Ty), f(x,y) f(y, Tx), f(x, Tx) fo; Ty), f(y, Ty) f(y, Tx 
max [f (x, Ty), f(y,Tx)] 


for every pair x,y € X, provided that the denomiator does not vanish; 
otherwise f(Tx, Ty) = 0. Then T has a fixed point. 


*] f(Tx, Ty) « 


Proof : When the denominator of *] vanishes for some pair х,у є X then T has 
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fixed point. 


Now suppose that the denominator of *] does not vanish. We defing a mapping $ : 
X —» IR* by ф(х) = f(Txx) Vx e X. 


Clearly @ is continuous. Since X is pseudocompact every real valued continuous function 
on X is bounded and attains its bounds. Hence there exists z є X such that ф(2) = inf 


lx) x e X] — (D 


We shall show that z is a fixed point of T. Suppose not. Then we have $(Tz) = 
f(T^z,Tz) 


< max [f(Tz,z) f(Tz, Tz), f(Tz,z) К 2,22), f( Tz, T^) f(Tz, Tz), f(z. Tz) f( z,T2z)] 
max [f(Tz,Tz),f(z,Tz)] 


= f(Tzz) = ф(2) — which is impossible. Thus z must be a fixed point of T. This 
completes the proof of the theorem. 


И is well known that the notion of "compactness" and "pseudocompactness" coincide 
in a metric space. Threrefore, just as a particular case we can have the following 


Corollary-2.1.1 :- Let(X,d) be a compact metric space and T:X —> X satisfy condition-*] 
of theorem-2.1 with f(x,y) = d(x,y) for all х,у є X, x = y. Then T has a fixed point in 
X. 


Jn the next theorem we shall study the common fixed point of two self mappings 
defined on X, a pseudocompact Tychonoff space. 


Theorem-2.2 :– If S,T:X —» X are continuous and satisfy the inequality 


max [f(x,y) f(x, Ty). f(x.y) f(y,Sx), f(x,Sx) f(x, Ty), f(y, Ty) f(y, Sx 


+] KS Ty) < max [f(x,Ty),f(y,Sx)] 


for all х,у € X, x * y where f is as in theorem-2.] with Sx # Ty, provided that 
the denominator does not vanish for any x,y € X: otherwise f(Sx,Ty) = o. 
Then S and T have a common fixed point in X. 


Proof : The theorem is obvious when the denominator of +] vanishes for some pair 
Xy є X 


Now suppose that the denominator of +] does not vanish. Since S,T and f are continuous 
in their resprctive domains and X is pseudocompact Tychnoff, hence there exist zw € X 
such that 


f(z,Sz) = inf [f(x,Sx) | x e X] and 
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f(w,Tw) = inf [f(x,Tx) | x e XI. 
Assuming that Sz x TSz, we have 


f(Sz, TSz) 


< max [f(z,Sz) f(z,TSz), f(z,Sz) (52,52), f(z,Sz) f(z,TSz), f(Sz, TSz) f(Sz.Sz)] 


max [f(z, TSz), f(Sz,Sz)] 
=f(z,Sz) 
=> f(wTw) < f(z,Sz). 
Similarly, we can show that f(z,Sz) < f(w,Tw) on assuming that Tw # STw.- 
So we must have either Sz = TSz or Tw = STw. 


Suppose that Sz = TSz so that t = Sz is a fixed point of T. We shall show that t 
is also a fixed point of S. Assuming that St # t = Tt, then f(St,t) = f(St,Tt) 


d max[f(t,t) КТО), f(tt) f(t,St), f(, St) f(t TO, f(t,Tt) f(tSt)] 
max [f(t, TO), f(t,St)] 


= 0 ————— which is absurd. 

Hence t is a common fixed point of both S and T. 

Ohter possibility that Tw = STw will also lead to the same conclusion. 

This completes the proof of the theorem. 

3. Fixed Point Theorems in Locally Convex Hausdorff Linear Topological Space : 


This section is devoted to the study of fixed point theorems of an operator on a 
weakly compact convex subset of a locally convex Hausdorff lineear topological space (LCHLT 
space) with some restriction on the operator. Throughout this section we shall use ‘—’ and 
* — " to denote respectively the strong and weak convergences of a sequence. Before going 
to the rigour of the theorems we need some definitions and results, stated as follows: 


Definition-3.1[2] :- Suppose that X and Y аге two topological spaces. A mapping T:X 
~» X is said to be demiclosed if for any sequence {x,}, C X, x, —5 xy Tx, — Y would 
imply Tx, = y. 

Let X be a LCHLT space with a countable family of continuous seminorms P = (pg 
: œ € I) which induces a topology on X. 


Definition-3.2|7] :- Let К c X. A mapping T:X — X is said to be asymptotically 
non-expansive on К if there is a sequence {k;}; of real numbers such that k; — 1 as i — 


40 D. K. Ganguly and D. Bandyopadhyay 


e» and for which 
[Vx, y e X] [Va є Ij, po( Tx - Ty) S kipg(x-y). 


It is obvious that for any asymptotically non-expansive mappings it may be a assumed 
that К, 2 1 and that kj; S k; for i є IN, so henceforth we shall assume this to be the 
case : 


Definition-3.3[1] :- A family F = (£x € К} of functions from [0,1] into a subset 
К of a linear topological space X wili be called a jointly weakly continuous if t > t, in 
[0,1] and x — x, in К then f(t) — f, (t) in K. 

Theorem-b[6] :- Every weakly compact subset of a locally convex space is complete. 


Theorem-c[3] :- Every weakly closed convex subset of a weakly compact set in a 
locally convex space is segentially compact. 


We shall now turn our attention to prove our main theorems. 
Theorem-3.1 : 


Let K be a weakly compact convex subset of a locally convex Haudorff linear topological 
space X. If T:K —> К is nonexpansive and (I-T) is demiclosed then T has a fixed point 
in K. 


Proof. — We can assume, without any loss of generally that o є К. Let {t}, be a 
sequence of numbers with 0 < t. < 1 such that t, —> 1 as n —> «e, Consider a mapping 
ТЕК —> К for each n such that 


[Vx e К] [Vn є IN], T,x = t,Tx + (1-4,)0 = t,Tx (1) 


We observe that T, is well defined and it maps K into itself. So we have [Vx, y 
€ К] [Vn e IN], p,(T,x-T,y) = p,(t,(Tx-Ty)) < їр (х-у) 


=> each T, is a contraction mapping. 


Since K is weakly compact in X,K is weakly closed and hence strongly closed [as 
a metric space where the metric is induced by the countable family of seminorms]. Therefore 
Theorem-B yields that each T, has a unique fixed point, say u, іп К ie. for all n є IN 
T uu, (2) 


Again, folloing from Theorem-C,K is weakly sequentially compact; 


so there is a subsequence fu} of the sequence {и} such thaata „=> a as К 
k 
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L—» œ where a є К. 
Now using (1) and (2) as required, we have 


(I-T) Us = us -Tu =u, -t, Tu, +t Tu о — Ти, 


k n k k k k 


= UL Ta Un * C - 1) Tu, 


= (t - 1)Tu, — 0 as К — =, as Tu, is bounded, 
k k k 


K being weakly compact. 

Since (I-T) demiclosed, hence (I-T)a = 0 => Ta = a 
Consequently, a is a fixed point of T in K. 

Hence the result. 


Theorem-3.2. :- 


Let K be a weakly compact convex subset of a locally convex Hausdorff linear topological 
space X and suppose F= (f, : x є К} is a family of jointly weakly continuous functions 
on [0,1] into K such that 


i) for each x e K, f (1) = x; and 

ii) for a function $ : (0,1) —> (0,1), for every x,y in K and for t in [0,1] 

*| pf) - £(0) < AOPE). 

Then any asymptotically nonexpansive mapping T : K —» K has a fixed point in K. 
Proof :- To prove the theorem we need the following 


Lemma :- If K is a bounded subset of X and T:K—K is asymptotically nonexpansive 
then T will satisfy for every xeK 


1} lim pe sup (ѕиру к [py(Tx-Ty). - pay) < 0. 


Proof Of Lemma :- The proof runs just as parallel to that of Kirk[7] replacing only 
the 'norm' by 'seminorm' as follows: 


T is asymptotically nonexpansive 
=> Ja sequence (kj), of real numbers such that К, —» 1 as i —> œ and for which 
we have 


[Vxy e К] [i 2 No e IN] [ма € П, p,(Tx - Ty) < kp,(x-y). 
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Thus, 
[р CT x-T'y)-p, (к-у) < (k-Dpyó-y) S Ik,- Ho(K) where O(K) is the diameter of К 


=> lim „„ supisup, c [py CTx-T'y)-p,(x-y)]) < lim... КӘК) = 0 for each x є 
K, which completes the lemma. 
PROOF OF THEOREM: We define for each n = 1,2...., В, = DK. 


Suppose that (T, : n є IN} is a family of mappings such that 


2] [Vx є К] [Vn є IN], Tx = 6508) 


Then clearly for each n є IN, T, : К —> К. 
We choose ф in such a way that, [Vn є IN] (BK, < 1. 


Since T is asymptotically nonexpansive, it follows that 
PAT XT) = py (B (В) < OB,)P (TT) « 9 (B)k р(х-у) 
Hence for each n, T, is a contraction mapping and therefore continuous over К. 


Since the weak topology is Hausdorff and K is weakly compact, hence by Theorem- 
B, K is complete. 


So each T,'has a unique fixed point, say и in К ie. Ти = Ч, Vn e IN. 


Again Theorem-C yields that K is weakly sequentially compact. This enables us to 
find out a subsequence fea) of the sequence {о} such that ч — Ч as i —» œ where 
ВЯ i 

i 


i 


uc К. 


3 
So, Т, (^) = m u as і —» оо, 
The convexity of K in a locally convex space X guarantees that 


T, (^) = Un —> u asi ~> œ, : Ж 


We now choose & > 0, & construct K, c К for each x є К as follows : 


K, 7-Uu n [5 (T'x;£) ^ К]. 
kel r-k 


‘Therefore we can write К = U K,. Thus we have 
xeK 
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ue К => Tu є К => [3x e К], Tue K => [3k- i e IN] [x e К Tu 


^ [S(T x; 6) К] 
rij 


=> [Vr 2 i] р(Тх - Tu) < e, 


ie. T'x —> Tu as n —» ә, 


Let 3 > 0 and using 1] in the Lemma choose M > 0 so that n, 2 M 
=> sup [Pa| ТЗТ" (y) )-p,(Tu-y)] < 13 n. 

Now, given ni > М, since T'x — Tu, so 3 т> n such that 

p,(T™ - Tu) < 1/3 m and s (T m-n (х). Tu) < 13 n. 

Thus n, 2 M => p(T "'(u)-Tu) 5 p,(Tu- Т"х) + eT тт чта) 
ратат (ттт) 
- Pa| Tu- т" 69) +p {Tot mG) 


py(Tu - T™x) + subse Pal T "(TuT у) 


iH 


IA 


р„(Ти-у) + p (Te-T mao) 
s 13 т+ Ш + 13 т 21, 
=> T'(u) —> Tu as i —» ө. 
Thus we have B, —> 1 and Ти) —> Tu as i —> œ, Therefore, by definition — 
3.3 and using 2], ie 
T, u- fp, Pa —> t. (1) 


u —> Tu as i —> ©, But each T, being continuous over K, we have [Vi 


i.e. Ta 
€ IN] T, u = T, (lim и) = lim ,, T, (u,) = lim ,,u, F 0. 


Since X is Hauasdorff, we must have Tu - u. Hence T has a fixed point in K. 


This completes the proof of the theorem. 
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_ SOME CHARACTERIZATIONS. OF. S- -CLOSED FUZZY 
~ TOPOLOGICAL ‘SPACES aa 


S. MALAKAR and M. N. MUKHERJEE 


Abstract : The present paper is a continuation of the study of S-closed fuzzy topological 
spaces, introduced and investigated earlier by Mukherjee and Ghosh [7]. ‘The main purpose 
here is to give some new characterizations of such a space. 


KEYWORDS S-closed- fuzzy topological space, O-semiadherent point, . SC-accumulation 
point, O-semiadherent point of a fuzzy net. - 


1980 Mathematics Subject Classification Code 54A40. 


Starting from the paper of Thompson [12], S-closed о spaces have already 


„been studied quite extensively by many authors (e.g. see [2,6,8,9]), such a study in its pursuit 


has involved various basic notions of topology and has. yielded many useful and applicable 
results implicating many other topological concepts. The idea was extended to fuzzy topological 
spaces [3] (henceforth fts, for short) by Mukherjee and Ghosh [7]. Our endeavour here is 
to add a few more charactesizations of such a fuzzy space with the help -of the introduced 


concepts of O-semi- -open fuzzy sets, O-semiadherent point of nets. 


Simply by X.we shall mean an fts (X,T). Following Pu and -Liu ио}, ‹ а fuzzy point | 
in X with support x(e X) and value œ (0 < œ < 1). will be denoted by xg. For two ‘fuzzy 
sets A and B in X, the notation AqB will mean that A is q-coincident with B, ie. A(x) 
+ B(x) > 1 for some x є X. For any fuzzy set A, we shall write clA, intA, (I-A) and 
suppA to denote the closure,interior, complement and support of A respectively in the fts. X. 
The constant functions taking on respectively the values, O and 1 on X will be. designated 
by Ox and ly respectively. For the notions of semiopen, semiclosed, regularly open and. 
regularly closed fuzzy sets which are defined in the same way as in the classical case, we 
refer to Azad [1]. A fuzzy set A in X is said to be a semi-q-nbd of a fuzzy point Ха iff 
there is a semiopen fuzzy set V in X with xy q VSA [4]. The semiclosure of a fuzzy set 
A in X, to be denoted by sclA, is the union of all fuzzy points Xa Such that every semiopen 
semi-q-nbd of. x, is q-coincident with A, or equivalently, scIA ‘is the intersection of „all 
semiclosed fuzzy sets containing A.[4]. In the usual manner, one can define the semiinterior 
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of a fuzzy set A, written sintA, by means of the relation sintA = 1 — scl(1-A). It is then 
easy to check that sintÀ is the union of all semiopen fuzzy sets contained in A. 


we now recall the following definition of an S-closed fts as given by Mukherjee and 
Ghosh [7] : 


Definition 1 An fts X is said to be S-closed' iff for every cover 9 of X (ie, Ud 
= ly) by ага fuzzy sets, there exists а finite subcollection %, of 9 such that U(cIU 
: Uew} = 


HOMER it is known. that for a finite collection 9 of fuzzy sets, U(scIU : Ued} < 
scl (US)SU{clU : Ued} (where the inclusions cannot be replaced by equality, in general), 
it is interesting to observe the following equivalent formulation of an S-closed fts in terms 
of semiclosures instead of closures. 


Theorem 2 An fts X is S-closed iff for every cover & of X by semiopen fuzzy sets 
there exists a finite subfamily 9, of ® such that scl(u {U : Ued,}) = 


Proof If X is S-closed, then every cover ® of X by semiopen fuzzy sets has a finite 
subfamily Bo such that 


дар : U ev} = 1,. Then 
Ox = A{1-clU : Ued,} = n(nm(I-U) : Ue,] = int (01-0) : Ue). 


. Put A{d-U) - Ue $5] = V. Since int V = Oy, V cannot contain any non-null semiopen 
fuzzy set. Thus 


Ox = sint[^( (1-0) : Ued,}] = sint[1-0(U : Ued,}] 

= I-scl{U : Ue), ie, scl (U{U : Ued,}) = 

Converse follows from the fact that for any finite collection 0 of fuzzy sets in X, 
scl (U{U : Ued}) s cl(U(U : Ued}) =U{clU : Ued}. 


We now list some characterizations of an S-closed fts as found in [7] for future 
i reference. 


Theorem 3 The following statements are equivalent for an fts X : 
(а) Х is S-closed. 
(b) Every cover of.X by regularly closed fuzzy sets has а finite subcover. 


(c) Every family of regularly open fuzzy sets having the finite intersection propoerty has 
non-null intersection. 


(d) For each family S of semiclosed fuzzy sets мая en Ox, there exists a finite 
subfamily So'of S ‘such that M{intF : FeSo} = 


It is now our intention to introduce a class of fuzzy sets m with regard to S-closedness 
will behave in the same way as is dane by open fuzzy sets vis-a-vis compactness of fts's. 
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Definition 4 A fuzzy point x, is to be a @-semiadherent point of a fuzzy set A in 
an fts X iff for each semiopen semi-q-nbd V of x, cIV 4 A. The union of all 0-semiadherent 
points of A is called the 0-semiclosure of А and is denoted by 0-cl,A. A is called 0-semiclosed 
iff A = -cl A. A fuzzy set B is called O-semiopen iff (1-B) is O-semiclosed.  — ^ 


Remark 5 For two fuzzy sets A,B in an fts X, O0:cLA < 0-clB, whenever ASB. 
Theorem 6 For any fuzzy set A in X, 
0O-cA -nO(V : ASV and У is a regularly open fuzzy set]. 


Proof Let x, < 0-clA. Then there exists а semiopen semi-q-nbd U of хо such that 
clU 4 A. Thus ASi-clU (=V, say). Then V is a regularly open fuzzy set in X containing 
A such that x, > 1-0 > 1-clU = V. Thus xy 5 R.H.S. 


ede let x, S R.H.S. Then there exists a regularly open fuzzy set V > A such 
that x, € V. Then (1-V) is a regularly closed set and hence a semiopen fuzzy set in X 
such that xgq(1-V). But cl(1-V) = (1-У) 4 A. Hence xg S @-cl,A. 7 

Corollary 7 A regularly open (regularly closed) fuzzy set is @-semiclosed (6-semiopen). 

Theorem 8 For any fuzzy set A in X . i SF Ta 

0-cl, (0-cl,A) = 8-cl A. 


Proof ‘Obviously, R.H.S. < L.H.S. Let now xg S LHS. and let U be a semiopen 
semi-q-nbd of хо. Then (cIU)q(0-cl,A) so that there exists ye supp (clU)^wupp(0-cl,A) such 
that (cIU) (y) + B > 1, where В = (0-clA) (y) Since cIU is a semi-open fuzzy set and 
Үр а clU, we have cKcIU) qA ie, clU q A. Hence xg < 0-clA. 


Corollary 9 -cI A is O-semiclosed, for any fuzzy set A in X. 


Lowen [5] defined a family S of fuzzy sets in an fts X to be a. prefilterbase iff 
.Ox£S. and for апу F}, Е, €S, there exists Е eS such that FSF, F,. Now, following the 
line of proof of Theorem 2.10 of [7] one can easily arrive at the result : 


Theorem 10 An fts X is S-closed iff for any prefilterbase 3 on X, there exists a 
fuzzy point xy such that x, < M{@-cl,F : FeS}. 


In the following two theorems we characterize S-closed fts’s by means, of 0-ѕетіореп 
and O-semiclosed sets. | 

Theorem 11 An fts X is S-closed iff every family of O-semiclosed fuzzy sets with 
the finite intersection property has non-null intersection. 


Proof Let X be S-closed. Let 9 = (Aj : A є I} (where I is an index set) be a 
family of 0-semiclosed fuzzy sets with the finite intersection property. Let S be the collection | 
of all finite intersections of members of 9. Then S is a prefilterbase. By Theorem 10, there. 
is a fuzzy point xy in $ such that x, < a Ay, for. all A є І 
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The converse follows from Theorem 3((c) => (a)) and Corollary 7. 


Theorem 12 An fts X is S-closed iff every cover of X by баба: бау sets of 
- X has a finite subcover. ` D : 


. Proof Let 3 = {Ua : а є I} be a cover of an S-closed fts X by @-semiopen fuzzy 
sets of X. If Ф has no finite subcover, then for each finite subset I, of 1, 
C^ (1-U,) = l- U Ux * Oy i | i 


aeh ael 


. Thus ((L-Ug) : а e I} is a family of O-semiclosed fuzzy sets in X with. finite 


intersection property. By Theorem 11, A ee og) # O, ie, ДО, : a € I) # ly, proving 
: Gel 


that $ is d a cover of X, which is а contradiction. The converse follows from "Theorem 
3 and the fact that every regularly closed fuzzy set is O-semiopen. 


Remark 13 The necessity parts of Theorems 11 and 12 improve respectively the results 
а) => (с)" and "(a) => (b)" of Theorem 3, since a O-semiopen (O-semiclosed) fuzzy set 
may not be. regularly closed (resp. regularly open) as is shown below. 


<Q 


OD | 


Example 14 On the set R of reals, consider the fuzzy бийс T e [6t 


s 2j {Oy,1x}, where Ca (х) = о, for all x є К. Consider the fuzzy set A = Сз. 
Then the family S of all regularly open fuzzy sets containing A is given by І 


8 = (C, : 1 <a< 2 U {ix}. Clearly ^ S = A. Thus by Theorem 6, A is 


‚ @-semiclosed, but A is clearly not a regularly. open fuzzy set in (R,T). 


Definition 15 A fuzzy point xy in an fis x is said to be a O-semiadherent point of 
a fuzzy пег (S, : n € (D, 2)} iff for each semiopen semi-q-nbd V of Xo. and each m e 
D there exists n € D such that n > m and Sn а СУ. In such a case we shall write Xa 


< O-sad Sa 
Theorem 16 An fts X is S-closed iff every fuzzy net in X has a 0-semiadherent 
: point. | ; 
. Proof Let the fts X be S-closed and let (S, : n € (D, 2)} be a fuzzy net in X, 


without. any  6-semiadherent point. For each fuzzy point xq, there exists a semiopen semi- q-nbd 
0, and an neD such that Sm 4 clU, , for all m 2 n (m є D). Let R.denote the 
а a ; оз 


family of all such U 's, where xg 's are fuzzy points in X. Consider the family à = 


(1-clU : U e R} of кашу open fuzzy sets in X. Then 0 has finite intersection property. 
In fact, given any finite subcollection 3, = [1-clU; : i = L2,..,k) of 9 there exists n; є 
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p sich that Sj, < 1-clU;, Ter al m e D with m 2 m (i = = 1,2... ,K). There exists n e D 
k 


such that n 2 nj n, in D. Then for mean (m є D), Sm $ ^ (1-cIUj), ie. A 9, # 
i=] 


Ox Since X is S-closed, by Theorem 3 ((a) => (c)) there is a fuzzy point Ур S (^ (1-CIU 
:Ue В} = 1- ау: U e R} x 1-0, for all U € к...... (1) 


. But for the fuzzy point y,, there exists U, e R such that y 9 Uy, іе, yy S 
| Ур У, u Yy u 


1- у, contradicting (1). 


Conversely, let 0 be a family of O-semiclosed fuzzy sets with the finite intersection 
property. Let 9° denote the family consisting of all finite intersections of members of 9. 
For each U, є 9°, we choose a fuzzy point 8(0,) < Ug. Since- 9° is a directed set with 
the usual (fuzzy) set-inclusion relation, {5(0,) : Ug є e } is a fuzzy net in X. Let ур be 
a @-semiadherent point of the fuzzy net, and let Ug є 9”. Then for any semiopen semi-q-nbd 
ү of Yp there exists E e # with Us < Ua such that S(Us) q cIW and hence Ug а 
dw. This shows that y, < @-cl,U,. Since Ug € $' is arbitrary, ур < N {6-clU, : Ug € 
e js n (- dU : Ue 9} = ^ {U : U e 9). Hence by Theorem 11, X is S-closed. 


Definition 17 Let (D, 2) be a directed set, and for each n e D, let S, denote a 
non-null semiopen (open) fuzzy set in X. Then (S, D) will be called a net of semiopen 
(resp. open) fuzzy sets in Be 


| A fuzzy point xy in X is called an S-adherent point of such a net iff for each 
semiopen semi-q-nbd U of x, and for each ne D, there is m є D such that m 2 n and 
Sm q U. 


Theorem 18 An fts X is S-closed iff every net of semiopen fuzzy sets in X has an 
S-adherent point. 


` Proof Let (S, : n e (D, 2) be a net of semiopen fuzzy sets in an S-closed space 
X. For each n € D, let us put F, = scl (U (Sq :.m e D and m 2 n}). Then S = {F, 
ine D} is a family of semiclosed. fuzzy sets such that for every finite subcollection S, 
of S, су {int F: Fe S) # Ox. Then by Theorem 3 there exists a fuzzy point xy S ^ 
S. let m € D-and W be a semiopen semi-q-nbd, of Xa- Since Xa S Fg = scl (ә (S, : : 
k € D. and k 2 т), we have W q (u (Sy : ke D.and k 2 m}). Thus there, exists an 
n € D with n 2 m such that W q S,. This shows that xy is.an S-adherent point of the 
net (S : n e DJ. 


We prove a stronger sufficiency that x is S-closed if ‹ every net of open fuzzy sets 
in X has an S-adherent point. Indeed, let S be a family of semiclosed fuzzy sets in X 
such that for every finite subcollction S, of S, ^ {int F: Fe S o} + Oy. Let s" denote 


6 


S. Malakar and M. N. Mukherjee 


the collection of all finite intersections of members of S. Then $ can be considered as a 
directed set under (fuzzy) set inclusion relation. For each Е є 8°, intF # Ox so that [int 


F: 


Fe 5°} is a net of fuzzy open sets. By hypothesis, it has an S-adherent point xg 


(say) in X. Let V be a semiopen semi-q-nbd of x, and let Е є S. Then there exists С 
€ S'such that G < F and (intG) qV. Then F.4V. Thus xy < sclF = Е. Hence N S # 
Ox. Then by Theorem 3 it follows that X is S-closed. 


Corollary 19 An fit X is S-closed iff every net of open fuzzy sets in X has an 
S-adherent point. 


References 


1. 


2. 


D. E. Cameron, Properties of S-closed spaces, Proc. Amer. Math. Soc. 72(3) 
NE (1978), 581-586. 
з. C. L. Chang, Fuzzy topological spaces, Jour. Math. Anal. Appl. 24(1968), 
: 182-190. 
4. B. Ghosh, Semi-continuous and semi-closed mappings and semi-con- 
- nectedness in fuzzy setting, Fuzzy Sets and Systems 
35(1990), 345-355. 
5.  R. Lowen, Convergence in fuzzy topological spaces, General Topology 
Appl. 10(2) (1979), 147-160. 
6.  Asha Mathur a note on S-closed spaces, Proc. Amer. Math. Soc. 74(1979), 
| | 350-352. 
7. ` M. М. Mukherjee and On fuzzy S-closed spaces and FSC sets, Bull. Malaysian 
бг B. Ghosh Math. Soc. (2nd series) 12(1989), 1-14. 
8. T. Noiri, On S-closed spaces, Ann. Soc. Scien. Bruxelles T.19 IV 
. (1377), 189-194. - | 
9. Т. Мо, Properties of S-closed spaces, Acta Math. Acad. Scien. 
Hungaricae 35(1980), 431-436. 
10. Pao-Ming Pu and Fuzzy topology І. Neighbourhood structure of a fuzzy point 
Ying Ming Liu and Moore-Smith convergence, Jour. Math. Anal. Appl. 
І = 76(1980), 571-599. Ё 
11. Pao-Ming Ри and Fuzzy topology ll. Product and quotient spaces, Jour. Math. 
' Ying Ming Liu Anal. Appl. 77(1980), 20-37. 
12. Travis Thompson, - S-closed spaces, Proc. Amer. Math. Soc. 60(1976), 335-338. 


K. K. Azad, 


On fuzzy semicontinuity, fuzzy almost continuity and fuzzy 
weakly continuity, Jour. Math. Anal. Appl. 82(1981), 14-32. 


Department of Pure Mathematics, 
University of Calcutta 

35, Ballygunge Circular Road, 
Calcutta - 700 019, India 


af 





SOME GENERATING FUNCTIONS OF LAGUERRE 
POLYNOMIALS BY OPERATIONAL METHOD 


S. M. EAQUB ALI 


]. Extensions of Hille-Hardy formula 


Operational method is sometimes very useful and elegant in deriving many properties 
of special functions. By operational method here we mean ordinary differential cperator 
method which is frequently used by researchers in recent years. 


In 1960, L, Carlitz [2] first found the following operational formula for the Laguerre 
polynomials 
I 


n 
(1.1) (х) = ap (р-х+а+ 1. 
- j=l 


Later O.V. Viskov [9] has given the following operational representatien for 
Ц?) 


n 
(1.2) L(x) = Cau (xD? + oD + Dh e* = tan eae [A = «xD? + oD + D)] 
n! n! j 


Using Viskov's operator S. K. Chatterjea and B. Ghosh [1] have proved the following 
extension of the well-known Hille-Hardy formula 
= m+n)! a a) n 
09 У rmt. TET LO s (x) О (y) t 
-a-1 
= CO рК) amo. oe (њо; ХУ уН 
m! Lt el (1-02 
d. 
dx 
Noticing the above result of Chatterjea and Ghosh, A. K. Chongdar [3] has tried 


to obtain further extension by making use of the same technique adopted by Chetterjea 
and Ghosh, but unfortunately his result is not correct. In this paper we have tred to 


where A = -(xD? + oD + D) and D = 


A ; 
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find a correct version of Chongdar's result as & consequence of our. main result. Recently 
.S. Ghosh [6] has tried to obtain a further extension et the result ‘of epi and 
Ghosh. His result is as follows 


ао X mm | бы c xs 
n-0 $ PAN . RI Уфы, 


ЕС (1- у= е^ AP е da: ae Ios PS EO 


where A is given in (1. 3. : bs ў ЗА 


` Noticing ‘the generating series of Ghosh as well as the- generating series of A. x 
Chongdar we are inclined to consider the generating series. 


(mtl). (н) (r+1)n 
> nt (1+B)a TM (x) Ui we 


On main result in this- connection can.be stated in the following form 


(1.5) » (mts (+n (сн) L Li on oe 


n! Soe 
FE | Ө | 
aye | 
ae Ау exp[- rx © Б кт 5 um , where 


У а. 
медия аен), Dx = + 
T 
any = [03+ Фр Dye = 
which can be considered as a nice extension of Hille - Hardy formula’ and which may 
“be compared with the result (7) cf. [8, p. 240], where it may be remarked that the 
result (7) contains three summations in the tight hand member, whereas our result contains 
a single summation in the right hand “member and- moreover ‘our method is based: on 
Viskov's operational formula, which is entirely different from that used in proving (7) of: 


[8]. 


Now to prove our main result, viz. .(1.5) we shall require the relation (1.2) and 
the following results ` | "E 
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(14B)o C y)“ 


(D = ЕГЕР WT 
(1.6) Li^(y = p k! (п-к) ! (1+ В)" 


which is the well-known explicit representation of Laguerre polynomials, 
Хх. 
алу e [xo£ + (ор, | = eT 


which is derived by B. Ghosh [5]. 
We notice that 


Ho (x) [o 


(1.8) У (mtDn (т+1)а (pr 
n=0 


n! (1+B)n 


(mtn (rFDa th eT men gx нт ery 


= 2, (1+B)n n ! (m+n) ! (r+n) ! 
where Ax = {xD} + (0+1)Dx], Dx = 


andAy = {yp} + (B+1)Dy}, Dy = 


= n x+y 
Y, t e 
n=0 








mint!r!(1+B)n 


dx ’ 


dy ' 


Ax Ay Axe Aye? 





28 APA ey E LP ( Abe" 
mir! ^ СУ (1+B)n - 
n-o 
а» ey Am AL ey y Ü wel Е А? e? 
— mir! ^ ^9 1 (n—k) ! ^* 
m!r o (1+B)k k ! (n-k) ! 
ey p o ao + (o 
-o—A Aye? Y X Antk 6х 
Ir! y In! 
mir не (+B) kin! 
e — ” c ok " P ax 
^ mir! Os Aye 2 (+B) k1^* 2 ni dre 
kzo п=0 
ey m at cy w er or i: e 5 
^ miri ee” 2, quy urat S 


k-o 
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typ nl —— 2 y px 
= € 1-0 AP Abe У diri Ate 


m!r! 


Now substitute x = (l-0z . 


1 


02 т” 


^ Dx =. р,,р2= 


A 
and Ax =- (хр + oD + Dy) = i; @bi+ op, e D) == 3 


Therefore the right hand member of (1.8) 


yt 
-t "amd m А] y E H Ake Z 
= тат! exp[ y + (I-0z] Az Ay e У «Bx pi^ 


k-0 


yt 
_ у= E m АГ a м [5 e о) 
Up ехр[у+ 0-04 АР А др? (їй ° LO (z) 


yt 
z (ar e AP Atle Ер Ой Е | ; 


m!r t-l (1+B)k 


which completes the proof of (1.5). 


It may be of interest to note that the right hand member of (1.5) can also be 
written in the following elegant form : 


(0-077 any AR Ау on BY) У E а+ Бук] eh œ кєз Lp Ds ) 
k=0 


mir! 


k 
æ z 
-o-1 
PE ey дт {ещ EM x | YA d up С. 0181 (o-B;1+B+k; 4». 
idi к=0 


Application of our main result 


. Case 1. When В = œ, then we have 
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(1.9) » Ea ^ Hila) Lh Gor? 


-a-1 
oI ех+У AP A'i | exp Ey Fi (—;1+0 URS i 
А tl 1-0)? 


mir! 


where Ay =- (yj + ody +Dy), 
which is the corrected form of Chongdar’s result [3]. 
‘Case 2. when В=0 and r-O, then we have 


(1.10) X CPE Ga a) LI) 


—o-1 
= Ex seen AP е NT E Hr e| 
m t-1 (1-9? 


‘which is due to Chatterjea and Ghosh [1]. 


Case 3. when r = O, then we have 


(1.11) X (mt Do т) (x) Lf (ууа 


(1+B)n 
t 
(1-9 aes a 
= 1 ех Aye” у g uu 
m! rud Е k 


which is due to S. Ghosh [5]. 


Case 4. when В = œ and m-r-O, then we have 
a) (a) 
(1.12) X б dus, Hi (x) La” (у) 


= (124) oft oFi E 1+0 me] 


which is the well-known Hille - Hardy formula. 
2. General theorem on trilateral generating relation 


Next we return to another work of A. К. Chongdar [4] where he derived the 
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following Theorem on mixed trilateral generating relation for Laguerre polynomials from 
the view - point of Lie - group. 


Theorem : we have 


со 


(2.1) (I-w) exp (s :j a n = Y w" frn (zu) ЦЬ (х), 


l-w 
n-o 


n 


where fra (zu) = Y, Bn ak prak (п) 2“, 
k=0 


whenever G(x,u,w) = Y an w^ 1091 (х) Prin (п), 
n=0 


for arbitraty an and for an arbitrary polynomial pn (u) of degree n. 


It may be noted that we have changed the notation from fn(zu) used by Chongdar 
to frn(z,u) as the series for frn(z,u) involves both г and n. 


We like to present as alternative and elementary proof of the above relation (2.1) 
by operational method. 


Indeed, we have 


oo 


Y, w^ fra Zu) Ц, (x) 


n-o 


1! 
s ẸM:s iMs iM: 


n 

Ў, (me i ak р+к (и) La we 

n 

Ў, бк x) an-k Prin-k (Ч) 109), (х) zk wa 
k=O 

a an pein (и) LEk (x) (wz)" w* 


` ape wk y 
= x Eigen] pea) APT [Ax = ADE + ODx + Da] 
n,k=0 


c ase" (zw) E Е 
= 5, се prin (и) Ax?" >) Ww Ае" 
n=O , ко ^ — 


(1.5) 
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= ех X so Pren (0) Amm cer e?) 


n=O fam 
à " = 
= ех 5 pen Prin (и) AZ? (1-м)! a 
n=O x 
-—. 
= (1-wy * е x x аб) Prin (u) Amm ev! 


Now put x = (l-w)y 


n 


її 


an 
(1-w) Ig (1-w)y X 


(m EY Prin (u) Ay" 


n 
(1-у т! e(l y Y an S Pren (и) e? La (y) 
n=0 


(1-w) т! e vy wz 


ofy d Tw 
ami МХХ _ wz gud 
(1- —w) on =) 1-w' u, md | * у A. 


where G(x,uw) = Y, а м" Pua(u) 9, (х) 
n=O 


This completes our proof. 
As a nice application of the theorem of Chongdar, 


(m+1)p (r-1)n 
n ! (14), 


we put ар = and Prin (U) = Ln (и), then from our generating relation © 


we have 


k 
a 


1— _@—1 
Со) = et AR Aie xp En XC TRE un. 


where Ay = {wi + BDu + Da) &Dy=— 


It follows therefore from (2.1) that 
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k 
i uwz 
(1-w-wzy 9—1 ett AT AD exp xtu(1-w-wz) Y wztw-1 цо) 
m!r! wzrw-l a (1-B)k 1-w-wz 


oo 


(2.2) = Y, w fua (zo) Ц, (x), 
n=O 


n 
SQ Mtk (ik (m+n) |B) ук 
where frn(z,u) = x к (13) E x) LB) (и) Zz. 


As a consequence of our result (2.2), if we рш В = о, then we obtain the 
following result 


озу Gee V arapa fex PAM es] 


ztw-1  (wztw-1)? 


ос п 
E mtn)" n, (a n) (re (ш) 2 
where Ay = ui toD, Э, | 


which is a correct version of Chongdaz’s result [4, (2.16)]. 


It may be worthy of mention that such an application made by Chongdar leads 
to incorrect result, on account of the fact that the result of Chongdar corresponding to 
our result (1.5) is also faulty. 


Again on putting r = O in (23) we have 





-a-1 - 
(1i-w-wz) (x+u,wz + X(w-1) | m X — Jyo: „ХАЧУ _ 
exp Ax | exp тет Fie | -; 1+0 


о 


Q4) = Y, ULL y xc Ca 1 (09 yy, 
k-0 


m (1+0)k 
а v (min Fi, М. m EN d 
- 2 | | Jar I". Cni Hos ү Э Шаб), 


Also on putting m = O in (2.4), we have 
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(1-w-wz) ©! exp [een е ; 1+0 „X zuw | 
of; 


wztw-l (wztw-1y 


= У iwda)" (Cn; 1405 5) LI (к), 
п=0 


which may easily be compared with the known result due to E. D. Rainville [7] 
Acknowledgement : The author thanks Prof. S. K. Chatterjea Ph. D., D. Sc., Department 


of Pure Mathematics, Calcutta Unversity for his kind help in the preparation of this work. 


References : 


1. 


Chatterjea, S. К. & | : A remark on 'Ап extension of Hardy - Hille formula, Pure 

Ghosh, B. Math. Manuscript vol.4(1985), 227. 

Carlitz, L. : A note on the Laguerre polynomials, Michigan Math. 
7(1960), 219-228. 

Chongdar, A. K. : А general form of extension of Hardy - Hille formula, Bull. 
Cal. Math. Soc. 7(1986), 232-233. 

Chongdar, A. K. : On Generating functions of Laguerre polynomials, Bull. 
Cal. Math. Soc. 79(1987), 48-56. 

Ghosh, B. : Operational derivation of some generating functions for the 
Laguerre polynomials, Jour. Pure Math. Vol.3(1983), 43-47. 

Ghosh S. : Extensions of Hille - Hardy formula, Pure Math. H 
Manuscript Vol. 5(1986), 93-95. 

Rainville, E. D. : Special functions, New York (1960) 

Srivastava, H. M. and : A treatise on generating functions. Ellis Horwood Ltd 

Manocha, H. L. (1984). 

Viskov, O. V. : On an identity of L. B. Redei for Laguerre polynomials 


(in Russian) Acta Sci Math. (Szeged) 39(1977), 24-28. 


Department of Pure Mathematics, 
University of Calcutta 

35, Ballygunge Circular Road, 
Calcutta - 700 019. 





ON BITOPOLOGICAL RIGID SUBSETS 


S. K. SEN AND G. K. BANERJEE 


Abstract : A class of subsets dubbed ij-rigid sets is introduced and studied in this 
paper. The concept is found to have a distinctive feature from that of bitopological 
H-sets [6], but conincides with the notion of bitopological ОНС space [5] when restricted 
to the whole space. 


Keywords : ij-rigid, ij-H-set, ij-0-closure, ij-6-adherence and ij-@-convergence of filterbase. 


1980 AMS Classification (1985 revision) code : 54 E 55 


The bitopological version of the well-known quasi-H-closed topological space was 
first introduced by Mukherjee [5]. Tbe notion restricted suitably to the subsets gave rise 
to the investigation of ij-H-sets in [6]. The very purpose of the present deliberation is 
to introduce and study a type of sets in bitopological setting, termed rigid sets. Although 
this class is strictly contained in that of ij-H-sets, for the whole space the notions of 
bitopological quasi-H-closedness and rigidity coincide. 


In this paper a space X shall always mean a bitopological space (X, Qj, O5) [4], 
and whenever i and j both will occur we assume that ije {1,2} and i s j. For a 
subset A in a space X, Q,intA and Q;clA will stand for the interior and closure of 
А in (X.Q 0=1,2). A point x є X is called an ij-O-contact point of a subset A of 
X [3] iff any Q;open neighbourhood (henceforth nbd, for brevity) U of x, (Ос) с 
A Æ $. The set of all ij-6-contact points of A is called the ij-0-closure of A, to be 
denoted by ij-@-clA; A is called ij-O-closed iff A = ij-8-clA. A subset A of X is said 
to be ij-regularly open (ij-ro-set, for short) iff A О; -int QrclA, and complement of. 
an ij-ro-set is called an ijregularly closed set (ij-rc-set, for short) [8]. Given a space 
(X,Q;,Q)), the collection B(Q;) of all ij-ro-sets forms a base for a topology Qj, coarser 
than О; [8]. A point x є X is called an ij-O-adherent point of a filterbse 3 on X [3] 
iff it is an ij-O-contact point of every member of S. The set of all ij-O-aherent points 
of S is called the ij-0-adherence of S, denoted by ij-O-ad S. A filterbase S on X is 
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said to be ij-O-convergent to a subset A of X, written as S ARS. A iff for each 
Q;open cover 9 of A there are a finite subfamily 0, of & and a member Е of S 


such that F c U 9-10. By 3 158 x we mean 3 © i (x) [6]. A point x 
Uev, 7 i 








€ X is called an ij-8-adherent point [6] of a net (x, : & e D} iff for each Qj -open 
nbd U of x and each œ є D, there exists В є D with B > о such that хр e Qj 
-cIU. : А 


Definition 1 A subset A of a space X is called an ij-H-se: [6] iff every Qi -ореп 
cover of A has a finite subfamily, the Qj-closures of whose members covers A; A 
is called a pairwise H-set iff it is both 12-and 21-H-set If in addition A=X, then 
, X is called an ij-QHC (pairwise ОНС) space [5]. 


Definition 2 А subset A of a space (X, Qi, Q2) is called ij-rigid iff every Qi 
-open cover of A has a finite subfamily the Qj-interior of the union of the Qj 
-closures of whose members contains A; A is called pairwise rigid iff it is both 12- 
and 21-rigid. 


Remark 3 From the above definitions it is clear that for а bitopolgical space X, 
the statement of it being ij-QHC is equivalent to it being ij-rigid. Also, for a subset 
A of X, A is ijrigid implies that A is an ij-H-set, but the converse is not true, 
in general, as is seen from the example below. 


Example 4 Let Y denote the well-known example of a non-compact minimal Hausdorff 
space (see [1] for details) given by Y = W Uu  {(0,1), (0-D)] where W= 


(шо Nan} U ш-ке мам) U [олен (N being the 


set of natural numbers). 


Let Qi be the topology on Y such that Q;/W = the usual subspace topology from the 
'plane, and a basic open set containing (0.1) (resp. (0,-1)) is of the form Ur (0,1) (resp. 
Ur (0, -1) given as follows, where т = 1,2,... 27 


0001) = ((0,)) v CO 2rnne n} 


U,0,-1) =-{0,-D} v {pm > гле м) 


Let О, = О». Let X be the subspace of (Ү,0}, Q) givén Бу : 
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х = IŁ, $: пл) e МХМ о 404.0 : men {о (01) 
; m > n , m 
Then X is a pairwise H-set but not a pairwise rigid subset of Y. 


Let us now consider the topologies О, * and Q,* on X defined below : 


О; *(X-(0,) = Q */(X-((0,1)]) = the usual topology from the plane. For О; *, 
a base for (0,1) is given by 


(0,0,1) = ((011) v id. D: nzr me N}: г = 12,..}, 
and for Q,* a base for (0,1) is given by 


(U,0,1) = (0,D} v È, A :n2rme М}: гт = 12.) 


Let A = ((0D] v (@,0) : n e N}. Then A is a pairwise H-set as well as 
a pairwise rigid set. 
Before moving to characterize ij-rigid subsets we need some additional results. 


Lemma 5 In a space (X, Qj, Q, if A c X then 


(a) ij-0-clA 


Qi ~ аА, for A є Q [3], 


(b) ij-O-clA 


mM {Q СУ: А с Ve Qi! [6]. 


Lemma 6 In a space (X, Qis О,) if S is а filterbase on X, then ij-9-ad S 
О -ad(V є Q : Е c V for some Е є 3). 


н 


Proof Let x € О; -ad(Ve Q; : Е c V for some Е є $}. 
j 


Now F e S => x e Q -clV for all V є Qj such that F c V => x € 
ij0-cIF (by Lemma 5(b). Thus x є ij-6-ad3. The converse is similar. 


, Lemma 7. [6] An ultrafilter 9 on a space X ij-O-converges to a point x of X 
iff x is an ырш ш рош of ù. 


Theorem 8 For a space (X, Оу, О»), the following statements are equivalent : 


(a) A is ijrigid in X. 


ur tton tag 
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(b) For each О, -open filterbase G on X such that A N Qi -ad б = 0, there 
is U e G such that ANQ; -clU = 9. 


(с) For each Qj -open filterbase G on X satisfying V ^ W # ọ for all V є 
б and each Q;-open set W containing A, also satisfies А N Q; -ad G # 4. 


(d) Each filterbase F on X, satisfying V ^ W + 6 for all Qj -open set V such 
that Е с V for some Е є 7 and for all Q; -open set W containing A, also satisfies, 
A г ij0-adS = ф. 


(e) Each base Ù for an ultrafilter on X satisfying У © Qj -clW # ф for all V 
€ ® and for all О; -open set W containing A, ij-0-converges to some point in А. 


(f) For each filterbase F on X with ij-8-ad F ^ A = $ there ае U є Q; and 
F e 7 such that A c U and О, -cU ^ Е = 9. 


(g) For each fiterbase 7 on X such A г ij0-ad F = ф Шеге is some Е e F 
with A N ij-6-cIF = 9. 


(h) Each net which is frequently in Q; -cIW for each Q; -open set W containing 
A has ап ij-O-adherent point in A. 


Proof (а) => (b): Let G be a Qj -open filterbase on X such that A гу Q; 
-ad G = $. For each x € A, let x є U, є Qj and V, є G such that О, O V, 
= © As 0 = ( О, : x є A} is a ©; -open cover of A, we have Ac Qyint Qj-cl 


(vU, ) for finitely many points x, ,., XQ € А. Since (uv, a гу (A V, J = ф, 
rel г=1 =] 


we have [Q,int о-о о JNA [О-о с У, )] = ф, and so А M Q-clU = ф where 
r=1 r=1 T 
n 
U є 9 such that Uc(n V, ). 
r=1 ' 


(b) => (c) : Obvious. 


(с) => (d) : Let 7 be a filterbase on X satisfying the given condition in (d) 
and let, if possible, A  ij-6-ad¥ = 4. Then by Lemma 6 we have А ^ баа (V 
€ Qj : Е c V for some Е є f} = 6. Thus by (c) there exist some W є О; with 
A c W and some О e {Ve Qj : ЕСУ for some Е є т | such that WOU = 6 
which is a contradiction. 
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(d) => (e): From the given condition on ® we see that for any Qj-open set W 
with U c W for some U є ® and for any Огореп set V containing A, WO О, -clV 
+ ф. Then W ^ V = 6. Thus by (d) А ^ ij-6-ad ® # 6. Since 6 is a base for 
an ultrafilter F (say) on X, it follows from Lemma 7 that à a, x for each x € 
A (r^ ij9-adó, and (e) follows. 


(e) => (f) : Let 7 be a filterbase on X such that for all F є 7 and for all 
О € Q satisfying A с U, Е A QjclU # ф. Let 9 be an ultrafilter on X generated 
by the base В = F U {Q-clU : U є Q, A с U}. Then any B є B and any U 
€ Q with A с U satisfy В ^ Qj -clU # ф. Hence 9 .M? , x for some x є A. 
Since x € А т ij-0-ad 7, we have A N ij-6-ad F s 4. 


(f) => (g) : If Ac Ue Qj and (QIU) N F = 6 then A  ij-6-cIF = ф. 
(в) => (а) : Let 0 be а О; -open cover of A. Let F = {Хо 0-00 : p 
Uef 


is a finite subfamily of 9}. If F is not a filterbase, then X — U Q; - clU = ф for 
Uc p 


some finite subset В of 0 and then A c X = Q; -int Qj -cl (UB). Thus let F be a 
filterbase on X. We have А ^ ij8-ad F = ф, since for each x e A, if x e Ч, e 
9, then x е ij-Gcl (X - Q; -cIU,) whereas X - Q -cIU, є 7 Therefore, A ^ ij-8-cl 
(X E x = ф for some finite sub-family В of 9 , ie, A ^ Q -d (X — 


о Qj-clU) = à. Hence A c Qi -int Qj -cl (UB). 
Uef + 


(f) => (h) : Let {x,} be a net which is frequently in Qj -cIW for each Q; 
-open set W containing A. Then the filterbase S induced by {x,} satisfies F су Qj -clW 
* ф for each Е є S and each Q; -open set W containing A. Thus by (f) A с 
ij0-ad S # ф. Each x є A ^n^ ij-O-ad S is then an ij-@-adherent point of {хл}. 


h) => (f : Let F be a filterbase on X such that Е су Qj -clW’+ ф, for all | 
Fe S and all Q; -open nbd W of A. Thus 7* = {F с Qj -IW: Fe FAC 
W є .О,} is a filterbase on X, then the net induced by 7* is frequently іп О; -clW 
for each Q; -open set W containing A. Hence А N ij-0-ad F ¥ ф. 


We have already pointed out that an ij-rigid set in X is always an ij-H-set. To 
investigate for the converse, we need the following lemma which incidentally gives some 
equivalent formulations of an ij-almost regular space, defined by Singal and Arya [8] as 
follows. 
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Definition 9 A space (X, Qi, Оз) is called ij-almost regular iff for each V є 
Qi and each x e V, there exists a Qi -open nbd U of x such that Qj -cIU c Qi 
-int Qj -clV. | 


Lemma 10 For a space ie Qi, Qo) the following statements are equivalent : 
(a) X is ij-almost regular. 

(b) For any Qj -open si A, ij-0-cl(j-0-clA) = ij-0-clA. 

(c) For any set A(c X) ij-&-clà = Qj -clA. 

(d) For any set A(c X), ij-0-cl(ij-0-clA) = ij-0-clA. 

Proof (a) => (c) : It is always true that Qj—clACij-8-clA. 


i Let x € ij-O-clA and U be a Qi -open set containing x. Then by (a) there is 
a Qi -open nbd V of x such that Qj -clVcQ; -int Qj -clU. Since Qj -cIVNA = 4, 
we have (Qi-int Qj-cIU)NA + ф and thus x e Qj -clA. 


(c) => (d) : ij-8-cl (j-0-clA) = ij-8-cK(Qj -clA) = Qj -cl (0° -clA) = Qi -clA 
= 1}-0-0А. 


(d) => (b) : Clear. 


(b) = (a) : Let C be any ij-ro-set in X and p є C. Now, A = X ~ C is an 
ijrc-set and hence А = Qi -cl (Qj -intÀ) Put B = Qj -intA. Then by virtue of (b) 
and by Lemma 5(а), ij-6-clA = ij-0-cl(Qi-cIB) = ij-@-cl(ij-8-cIB) = ij-8-clB = Qi-cIB = 
A. Then p ¢ ij-8-clÀ and hence there is.a Qi -open nbd G of p such that Qj -clG 
Nn А = ф, ie, Qj -clG c X - A = C. Hence X is ij-almost regular. 


Theorem 11 If in space (X, Qi, Q2) any one of the four conditions of Lemma 
. 10 is satisfied, then an ij-H-set of X is ij-rigid. 


Proof Let 7 be a filterbase in X such that ANij-9-ad F = 4$. Then for each a 
€ A, there is Fa є 7 such that a её ij-8-clFa. By Lemma 10(d), ij-0-cIFa = ij-0-cl(ij-0-cIFa) 
and hence there is а Qi -open nbd Ua of a such that Qj -clUa nij-O-clFa = 9. 


{Ua : a e A] being a Qi -open cover of the ij-H-set A, there is a finite subst 


B of А such that Ac о Qi-clUa. Let Е є 7 such that Ес су Fa. Now, 
ae B ae B 
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(о 0- с0а) (с ij-9-clFa)-6 implies A ^N ij-8-clF = 9, since ij0-cIF c ij-0-cl 
€B ` 


ає B a 


(0 Fa)c(nm ij-8-clFa) Thus by Therem 8 (g) we have that A is ij-rigid. 
eB 


ac B a 


Theorem 12 If A is ijrigid in X and BcX is such that Аг\іј-Ө-сІВ = 6, then 
there are О є Qj and V e Qj such that ACU, BcV and UAV = 9. 


Proof If the theorem is false, then 7 = {UNV : ACU є Q, and BcVe Qj) forms 
a filterbase on X. For any Qj-open set WDA and апу UNVe Ж Qj -IW ^a (UNV)> 
(WOU)NV# ф and so Агіј-Ө-ай F + 6, for otherwise it will contradict Theorem 8 (f). 


Again, ф # A [n ij-8-cdIFJ cC An [n ij6-«IV:BcVe Qi] = AMA{Q; -clV : BcVeQ}}] 
FeF 


= A гу ij-0-clB, which is a contradiction. 


Kelly [4] defined a space (X, Оу, Q) to be pairwise Hausdorff iff for any’ two 
distinct points x,y of X, there exist a Q:-open nbd U of x and а Q;-open nbd V of 
y such that UNV = 9. In the next theorem we show that in this definition the role 
of distinct points can be replaced by that of disjoint pairwise rigid subsets. Before that 
we have the following : 


Corollary 13 : In a pairwise Hausdorff space (X, Qj, Q) an ij-rigid subset is 
ji-9-closed. 


Proof Let ACX be an ijrigid subset in X and let xe A. Since in a pairwise 
Hausdorff space, {x} = ij-O-cl{x} for all x є X [7] AN{x} = 6 implies Anij-0-cI(x) 
= b. Now by Theorem 12, there are U є Q, and VeQ; such that ACU, {x}cV and 
UNV = 6. Then x € ji-@clA, and hence A is ji-0-closed. 


Theorem 14 A space (X, О, Q,) is pairwise Hausdorff iff any two disjoint pairwise 
rigid subsets A, B, can be pairwise’ strongly separated (ie., there exist UeQ; and Ve Qi 
such that A с U, BcV and UNV = 6 for i, j = 12 and i  j). 


Proof Let A and B be two disjoint pairwise rigid subsets in a pairwise Hausdorff 
space (X, Qj, Q5). We know that in a pairwise Hausdorff space X, ij-0-cl(x) = {x}, 
for each x = X [7] Thus by Theorem 12, for each b є B there are Uy є Q; and 
Vy € Q such that ACU, be Vy and Up с Vy = ф. Now (Vy : b є B) being a 
Qj-open cover of the ji-tigid set B, there is a finite subset В, of B such that BcQ;-int 


О -cl о Vy-W(say) e Q. If U = ^ U, we find that ACUeQ; and О ^ W = 6$. 
be B, be By 


24 S. K. Sen and G. K. Banerjee 
The converse is clear. 


Theorem 15 Let f : (X, Qj, Q) — 'Y.P,j Р,) be a map such that f : (X,Q) 
— (Y,P) is continuous and open for і= 1,2. If A is pairwise rigid in X, then so is 
f(A) in Y. 


Proof Let f : X — Y be a map with the stated properties and ACX be ij-rigid 
in X. Suppose 6 is a Pyopen cover of f(A). The f 19) = {f : (U) : U e 8} isa 
О, -open cover of A. Ву ij-rigidity of A, there exists a finite subcollection 9, of Ù 
such that A C Q, – int Q; "dis, £!(U). Now, AcQ; -int Qj -cl f! (uà) c О -int Г! 
[Pj -cl(U8,)] (since f : (X, Q) > C, Py is continuous) c f^ ; [P; -int P; -cl (vù) 
(f : (X, О) — (Y, Pj) being open). Thus f(A) c Pi-int Pj-cl (UÙ,) and f(A) is then 
ij-tigid in Y..Now putting ij = 1,2 (1 Æ j) in the above arguments the proof becomes 
complete. ' 


Henceforth by (X x Y, T,, Tj) we mean the bitopological space induced by the 
cartesian product of (X, Qj, Q2) and (Y,P, P5) where T; = Ох P; for i, j = 12 
and i # j. 


а 


Theorem 16 Let (X, Qj, Q) and (Y, Р;, P5) be two bitopological spaces and 
let BCY be јі-гіріа. Let xeX and Kc(X x Y, T, Т) satisfying ((x) x B) ^ ij-0-clK 
= ф. Then there exist a Q; -open nbd V of x in X and a Pj -open set W containing 
B in Y such that Тус! (V x № à К = 6. 


Proof For each y є B, there exist a О; -open nbd Ууу of x in X and a Pj 
-open nbd Wy of y with [Tj -cl (Vy x Wy] n К = 6. Since B is ji-tigid in Y, 
there are finitely many points у уз .. » yg € B such that BcP; -int Pj | 


n n 
-cl (U Wy) = W(say) є P; Let V = ^ Vy Then V is a Qyopen nbd of x such that 
г f p 


r=] r=1 


Tj -cd (V x МАК = $. 


Theorem 17 Let (X, Qj, Q) and (Y, Ру, Рз) be two bitopological spaces. Further | 
let A be ijrigid in X and В ji-rigid in Y. If KCX x Y satisfies (A x B) n» ij-0-cIK 
= Фф, then there are О; -open set V containing A in X and P, -open set W containing 
B in Y satisfying Tj 2 (Vx WOK = ё. 

| | 
Proof If follows from Theorem 16 that for each x € А, there are a О; -open 


nbd V, of x in X and a Pj -open set W, in Y containing B with T; -cl (V, x W,) | 
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C К = 6. Now A being ij-rigid, there are finitely many хү, .. x, € A such that 


ъ 


п п 
ACQ; -int Qj = ( Vx) = V (say є О, Let W 325 Wy є Pj then V and W 


have the properties as required. - 


Theorem 18 Let (X, Qj, Q5) and (Y, P;, P5) be two bitopological spaces and 
let A be an іј-гірій sei in X and B a ji-rigid set in Y. Let К be a T; -open set in 
X x Y and A x BCK. Then there are а Q; -open set V containing А in X and a 
Ру -open set W containing B in Y satisfying Tjycl(V x W)CT; -clK. 

Proof Since A x B c K e Т; we have (A x B) ^ Tj -c (X x Y - T; -clK) 
= ф which by virtue of Lemma 5(а) implies that (A x B) ^ }ј-6-01 (X x Y - Tj 
-cIK) = 6. Now by Theorem 17 there exist a О; -open set V in X containing A and 
a Р, -open set W in Y containing B such that Т; -d (V x W) n (X x Y - Tj -cIK) 
= ф. Consequently, Tj 01 (Ух W)c Tj -cIK. 


Theorem 19 Let (X, Qj, О») and (Y, P, Py) be two bitopological spaces, A and 
B be respectively ij-rigid and ji-rigid in X and Y respectively. Then A x B is іј-гірій 
in (X X Y, Tj. Т). 


PROOF Let 8 x 9 = (Ux V:U є ð, V e ð} be a cover of ‘A x B іп 
(X x Y, Т, Т) by Т; -basic open sets, where 0 is a Qj -open cover of A in X 
and ® a Р; -open cover of B in Y. Since A is ij-rigid, there exists a finite subfamily 
Ò, of 0 such that ACQ; -int Qj -cl (U0) and similarly B being ji-rigid, there exist 
9 a finite subfamily 0, of ® such that ВСР; -int P; -cl (00,). Then A x BcQ, -int 
Qj -cl (và) x P, -int Pj; -cl (200) ie, A x B c T, ім Т; -cl [029,). х (U99] = 


T; -int Tj -cl [ U (Ux V) ]. ThusA xB is ijrigid in (X x Y, Tj, Т). 
UxVed, xd, 


Theorem 20 Let (X,, б, ©): a € A } be a family of spaces and for each 


a € A, let Ay be a non-empty subset of X4. A necessary and sufficient condition for 
| Ag to be ijrigid in (t Хо, Су, 05) is that Ag is ij-rigid in X, for each a є A, 


, where G = nC, for i= 1,2. 


Proof The necessity of the condition follows from Theorem 15. For the sufficiency 
let & be a base for an ultrafilter on x X, satisfying BOG-clW # > for all B e à 
a 
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and for all G-open set W containing л Ag. Then for any & є A, роб) is a base 
= - . a , 


for an ultrafilter on X4, where pg is the oth projection map. If V is a 6 -ореп set 


containing Ag in Xœ then pV) is a G-open set containing п A, and therefore, any 
a 


Be 9 satisfies BO py’ (G-cV) 2 B ^ G-clpg. (V) # $. Hence ра(В) N G% СУ # 6 is satisfied 

for all B є % and for all © -open set V containing Ag. Consequently by Theorem 8 

((e) => (a)) there is ап xy Ag such that р, (0) .i-9 Хо. Let хєл Xo with р(х) 
a 


j-9 x that the proof is complete. 





= Xa for all à € A. Then xem A, and 9 
a 
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IRREDUCIBILITY OF BANACH OPERATOR ALGEBRA IN 
THE INDUCTION OF NORMS IN THE LINEAR SPACES 


D. K. BHATTACHARYA 


Abstract : Let V and V' be.linear spaces over F. Let L(V,V^) and L'(V',V) denote 
the space of linear transformations from V (0 У and V’ to V respectively, Let (L,L’) denote 
the I-algebra of L and L’. Let L and L’ be given norms such that (LL becomes a 
F-Banach algebra over Е. Let (B,B’) be an irreducible I-subalgebra of the I-Banach algebra 
(LL. In this paper, it has been first shown that it is possible to induce norms in V and 
V’ with the help of norms of (L,L’) in such a way that V and У become complete with 
respect to these norms. Lastly, it has been shown that the norm induced on V is such that 
every complete (B,B’) admissible norm on V is equivalent to this norm. 


Introduction : It is known that the norm of an element f є B(V) [the set of all 
bounded linear transformations from a linear space V to itself] is defined with the help of 
norms of elements of V. The converse problem has been answered by C.E.Rickart in the 
following way : Let E(V) be the set of all linear transformations from V to V and let 
some norm be given on the algebra E(V) to make it a Banach algebra over Е. Let В(У) 
be an irreducible subalgebra of E(V). Then norm of V can be induced from that of E (V). 
For transformations between two normed linear spaces V and V' over F, it is known that 
norm of an element of B(V,V^ [the set of all bounded linear transformations from V to 
V'] and that of an element of B’(V’,V) [similarly defined] can be defined with the help of 
the norms of both V and V’. This paper, in fact, answers in the affermative, the converse 
problem regarding the induction of norms of V and V’ from that of an irreducible algebra 
of (L,L^. 


1. Some known Definitions and Results : [1], [2], [3]. 


Definition 1. Let V and Г be two linear spaces over a field Е. V is said to be a 
I-algebra over F, if for abc € V; xy £T, a € Е i 


Ko axb € V (ii) (axb)yc = ax(byc) (iii) a(axb) = aa(xb) = a(ax)b = ax(ab) (iv) 
ax(b+c) = axb + axc ; a(x+y)b = axb + ayb; (a+b)xc = ахс + bxc. 
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This T-algebra is denoted by (V, Г). 


If V and Г are normed linear spaces over Е, then I-algebra (V, Г) is called a 
I-normed algebra if in addition to (i) — (iv) the condition (v) llaxbll < [ай хіі ПЫ! holds. 


A I-normed algebra (V, Г) is cailed a I-Banach algebra if V is a Banach space. If 
Г is replaced.by a linear space V', then also (V,V’) is called a I-algebra/ Г.погтей algebra 
/ I-Banach algebra, as the case may be. 


Definition 2. Let (V,V’) be a I-algebra over Е and let V; c V, Vi c У be such 


that УУЗУ c V; and (Vj, Vi) is a I-algebra with respect to the same compositions as 


defined in (V,V^, then (УУ) is called a I-subalgebra of ће T-algebra (V,V’). 


` Definition 3. Let L(V,V^, L'(V',V) denote respectively the sapces of all linear maps 
from V to У and V’ to V ; V,V' being linear spaces over Е. Then L is a Y-algebra over 
Е, denoted by (L,L^, if for А,В є L; X e L’, xeV; a,BeF, (aA + BB)x = aA(x) +ВВ(х) 
and (АХВ)х = A[X (B(x))].. 


If B(V.V^), B’(V’,V) denote respectively the spaces of all bounded linear maps from 
V to У and У to V, then ЇЇ Ax B і < ПАЙ ХІ. ПВ holds and hence (B,B") becomes a 
I-normed algebra under the above compositions. If, further, V^ is a Banach space, then (B,B’) 
becomes a I-Banach algebra. 


Definition 4. Let (B,8’) be a Г -subalgebra of the Г -algebra (L,L’). A subset М с 
V ïs said to be T-invariant with respect to (В.В) if (РМ) c M, Vf e B, Vf e В. 


Definition 5. A I-subalgebra (В.В) of the I-algebra (L,L’) is said to be irreducible 
provided (о) and V are the only T-invariant subspaces of V with respect to (В.В). 


Definition 6. Let (V,V^ be a I-Banach algebra. An element a € V is said to be left 
a’-quasiinvertible, a^ e V’, if there exists a unique b € V such that atb-ba’a = 0 є V. 
Similarly, a is called right a'-quasiinvertible, if a+b-aa’b = 0; a is a'-quasiinvertible if it is 
both left and right a'-quasiinvertible. a is quasiinvertible if it is a'-quasiinvertible for all a’ 
є V’. 


The definition of quasiinvertible elements of a I-Banach algebra is parallel ta that of 
quasiregular elements of a I-ring [4]. 


Definition 7. Let (V,V’) be a I-Banach algebra. A subset I of V is called a left 
,'T-ideal of (V,V’) if it is a linear subspace of V such that УУТ { I. It is a right I-ideal 
of (V,V^ if IVV c L I is called a two sided Г ideal or simply a I-ideal if it is both 
a left and a right I-ideal. 
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Maximal and minimal I-ideals are defined in the usual way. 


Definition 8. A left Г -ideal I of (V,V’) is said ‘to be o-modular if there exists 
e £ V such that V — Мое c 1, for some a € V’. 


І is called modular if V - VV'e c I. Right o-modular /right modular [-ideals are 
defined in a similar manner. A two sided I-ideal I is said to be o-modular/modular if it 
is both left and right o-modular/modular. 


Definition 8. Let хі and ixi denote two norms on a linear space V. llxll is said to 
majorize ixi, if there exists a constant B such that Ix! < В Ilxll. 


Definition 9. Let V and У be two linear spaces over Е. Let (В.В) be а I-subalgebra 
of (1,1). Let L,L' be given some norms with respect to which (L,L') becomes a I-normed 
algebra. A pair of norms ( Ixl, 1х1) is called a (B,B’) admissible norm оп (У,У”); [lxl, ху 
are called (D,B^ admissible norms on V and V’ respectively] if each operator in B(V,V’) is 
bounded with respect to ( Ixl, b )x € V, x, € У and if ITI majorizes ІТ” where ITI 
and (ТҮ denotes respectively the norms of T € В as given be norm of L(V,V’) and as 
induced by (lxl, 1х1). 


Result 1. Every proper a-modular I-ideal is contained in a maximal I-ideal of the 
same type. 


Result 2. Let (V,V^ be a I-Banach algebra, then each x € V is y'-quasiinvertible if 
ixil < 1, where у € У, Шу 1. 


Result 3. Let (V,V) be a T-Banach algebra. Let L be a proper modular T-ideal of 
(V,V^ such that V - VV’e c L,e e V, then there is no x е L such that lle — хіі < I. 


Corollary : If (V,V^ be a I-Banach algebra, then the closure of every proper œ- 
modular/modular T-ideal is proper, so that maximal o-modular/modular l-ideals are closed. 


Result 4. Let ECV) = A(V,V) be the set of all linear maps from V to itself . Let 
for x e V, T e E(V), T (x) = T,(T(x), for some T e L(V,V^, T;,eL'(V',V). Then E(V) is 
an algebra over Е, where for 08 £ Е, x e V, T, S є E(V), (aT + BS) = aT(x) + BS(x), 
(TS)x = T ($09). 


If V,V’ are normed linear spaces over F, then E(V) is a normed algebra over F. 
Further T = T,T satisfies an additional property ЇТ’ < lT,l ITI, where ITI’, ITI, IIT, denote 
norms of T, T and Ty. 


2. Main Theorems. 


Theorem 1. Let L(V,V^) and L(V',V) be defined as above. Let L,L’ be given suitable 
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norms with respect to which (L,L^ and E(V) becomes respectively a G -Banach algebra and 


a Г-Вапасћ algebra over Е. Let (В,В') and B (V).be irreducible I-Banach subalgebra and 
Banach subalgebra of (L,L’) and E(V) respectively. Let u be a fixed element of V and let 
for each x, e V', x e V; 


іх? = inf ITI such that Tu = x, , T € L(V,V^, 
T 


ixi = .inf НТИ ITI such that T;T(u) = x, T, е L'(V^,V), 


TT 


ы 


where ixi , ix,P, ITI IIT, denotes norms of x,x,, Т,Тү respectively: Then V is a 
Banach space with Ix! as the norm; V' is a Banach space with Ix,!° as the- norm. Further, 
each Т = В is bounded relative to (ixl, 1х11°) and that IT! majorizes IT’ where ITI is the 
norm of T € В induced by (ixl, 1х1). Also ITI’ is majorized by ITI’ where ITI’ is the norm 
of T as induced by (lxi, Ix,?) and ITI is the norm of T as given by E(V). 


Proof : Let £ denote the set of all T in b such that Tu = 0 € V’ Obviously £ is 
а left I-ideal of (0,3). Now, (B,B’) being irreducible, there exists some T = B, some Tj 
eB’ such that T,T(u) = u. Hence, for arbitary s € В (ST,T - Sju = S(T,(T(u)) - SU = 
SU - SU = 0 e V. So, STT- S e б, V S ef. Therefore, д is a o-modular T-ideal [o 
= Т1]. Next, let и be any vector of b not belonging to £. Then U(u) # 0 & V'. Now, let 
T £ £, then for any s € £, any TjEf,ST;U(u) = T(u) If T є В does not belong to £, 


then there exists some S eb but not belonging to « and some T; € В such that ST,U(u) ` 


= T(u). Hence, in any case, STU — Т e B. Again, for any T £ £, T = STU + (T - 
ST,U), where STU -T e£ (1) 


_ Let us now make a special choice of T viz. T° where T;T°(u) = u, for some 
T; єв’. Obviously, as above, it may be shown that ST,T° - S є £. Hence, T cannot belong 
to £, as £ is a proper a-modular I-ideal. So, replacing T of (1) by T°, it is seen that 
ST,U ¢ £. This means that £ is maximal. As £ is a. maximal o-modular T-ideal of (6,87), 
so it follows that £ is closed. Hence, B/E is a Banach space. Let us now consider a map 


f: BÆ — У defined by f : (T — T(u). So, it is a linear isomorphism between [Va and 


V^. Therefore, іх? (x, € У") is precisely the norm of (TY є f/£, (TY = T + £), transferred 
to x, via this isomorphism. Hence, V’ is a Banach space, where lxi denotes the norm of 
хү. Next, let Т -T,T where T е E(V), Т eL(V,V), T; e L'(V'V). Let £ = (T: T (ш = 
Т, Œu) = О e V). Then £ is a modular ideal of E(V)and it is also closed. It is seen 
that Ix! is precisely the norm of В(У)/Є, transferred to x via the isomorphism (T)’ -~> T,T(u), 
. where. (T? = T + £. Hence V is a Banach space as B(Vy/£ is so. Now we show that ITI 
majorizes |Т”. In fact, for any x e V, | 


fi. 
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IT)? = dn ISI < < inf ITT,S Ix inf (THT, ISI ITI. inf IT ISI ITIxI 
| Ts TS Ts 
so Tisu=x Tlsu-x Tisu=x 


So ITI‘ = inf ITI € IT. Thus T eB(V,V’) is bounded relative xto (ixl, Ix,I°) and that 
ITI majorizes ІТ”. Similarly, T € Bo» is also bounded relative to ( Ixl, 1х) and that ITI 
majorizes т. This completes the proof. 


Theorem 2. Let (B,B’) and Ix! be defined as in theorem 1. Then every (В, B^) admissible 
norm in V is majorized by ixl. Further, every complete (В.З) admissiblé norm in- V is 
equivalent to Ixl. 


Proof : Let Ixl“ be any (B,8’) admissible norm of x in V. Let for some Т є В, some 
T EBT T(u) = x, then Ix!’ = ITT) < IT,Ti" lu, where !IT,Tl" denotes the norm of TT 
as induced by the norm Ix! of x є V and the norm lx? of x, € У. Also IT,TI’ is majorized 


by [T,Tl. Hence, IT,T! s BIT,T. Thus kl < И ITI lu. So, .infix"s lul. 
T,T 


Аат” ITI = B lu ixl. Hence Ix!’ < p fox Thus Ix! majorizes Ixl'. If further, Ixl' is also 

T,T i 
complete, then by consequence of closed graph TT it follows that Ixi and Ix!’ are ! equivalent. 
This completes the proof. 
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